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PREFACE. 
"NC . Deſign, in this little Book, is to lay, 
i ® before the young Beginner, an eaſy ' 
& Method for acquiring a competent 
B Knowledge in the Subjet? of Geome- 
? try, without, either being obliged to 
go through a Number of uſeleſs and 
N tedious Propoſitions, or having re- 
courſe to the ungeometrical Methods of Demonſtra- 
lion, which abound in moſt modern Compeſitions of this 
Nature. , 
I am ſenſible, indeed, of the Difficulty of the Under- 
taking, and doubt not but ſome may, even, look upon 
it as @ Piece of Preſumption, in me, to hope to ſucceed 
after ſo great and judicious an Author as. Euclid : 
However, as I bave no Deſign to depreciate the Value 
| of a Work which has been univerſally eſteemed, and ftood 
_ the Teſt of Ages, neither ſhall I ſeruple to affirm that 
the Reader will alſo find ſome Things in the following 
Sheets not altogether unworthy the Peruſal, which are 
no where elſe to be met with. 8 
And. as the Pleaſure and Satisfaction ariſing to the. 
Mind from the Study of Geometry, chiefly, conſiſts 1 
6. 2 7 | te 
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"2 Concluſions, I have all along, in Imitation of that eu- 

8 cCcFł̃teͤGlent Author, endeavoured to keep up that Spirit and 

a Rigour of Demonſtration which. is * neceſſary, 680, 5 in. 

4 a manner, peculiar to the Subject. 

3 | In order to this it ſeem'd convenient to add a new 
Poſtulatum to thoſe before laid down by Euclid; 
but, then, what is there required, I believe, no one 
will deny; and, were it not a Crime, I could make it 
appear, that even Euclid himſelf has taken ſome J. hings a 
for granted, not leſs conſiderable, and that too in the 
Body of his Work. As, in Prop. 22. Book I. where 

he tells you, that Lines drawn from two given Points | : 
zo the Interſeftion of two Circles, will anſwer the Con- 1 | 
ditions of the Problem, without, firſt, proving thoſe - 
Circles muſt neceſſarily inter ſett each other I could ” 
point out ſome other Particulars of the like Nature; | 
evhich I would not be thought to mention as Faults, but 0 1 
rather by way of Apology for any little Slips or Over- | 
bis J may be found guilty of; by ſhewing bow net | | 

- Poffible it is to expect a Work quite perfett. 1 

— | As to the Doctrine of Proportions, about whi n ; 

3 | | there has been ſo much Controverſy, I have in this, ſtill, 
differed more from Euclid. No one will, I believe, 
deny the Accuracy of his Method, nor can be ignorant 
of the Motives that induced him to it; namely, the _ {| 
Bufmeſs of Incommenſurables : But that bis Definitions 
of Ratio and Proportion are neither ſo natural nor ſo 

' eaſy as might be wiſh d for, the many Diſputes about 
them, among the Learned, will in a good rear 
confirm. © 

The proper Deſt Fon of a Definition being to deſcribe 
and explain the Term or Thing defined, ſo as to give a 

_ preciſe and adequate Idea thereof, it is certain that the 
exatt-meaning of every Term made uſe of in a Definition 
ought to be Hefe undertood, or, at leaſt, ſpould be 
| . 3 5 9 | 
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Feuer deen 4 more 0 m uy rec F RN 4 „. 
"Term to be defined. 
An Author may indeed, to guard againſt Objections, 
zake Shelter in Obſcurity, by uſing Terms of a lax and 
indeterminate Signification,” or ſuch as want themſelves 
to be. defined; but his Definition, however labour d, 
can never be called a good one if it wants Perſpicuity. 
It is upon this Conſideration that I have not at all at- 
tempted to give a Definition: of the Term Proportion ; 
fince no other Words appear to me ſo ſignificant and 
expreſſive, of the Idea annexed thereto, as the Term it- 
ſelf in the common. Acceptation of it. 
It was my Intent, at firſt, to have ended this Book 
ih the Elements, without touching at all upon So- 
lids, but being perfuaded that the Addition of ſomething 
upon this Head, would render the Work more univerſal, 
uſeful, I have, in the Appendix, alſo laid down the 
moſt conſiderable Properties and Proportions of fl 
Bodies; which, tho put down and demonſtrated in 4 
Mamer ſomewhat more looſe than the Elements, for the 
fake of Eaſe and Brevity, will, I hope, be found ſuffi- 
ciently clear and evident. As to what follows after- 
wards upon Menſuration, it is very ſhort, and will be 
of uſe, at leaſt, to thoſe who have not ſeen other Books 
on the Subject. — But as to the Maxima and Minima 
and the geometrical Conſtructions, theſe, I flatter. my 
ſelf cannot fail of pleaſing ſome, and that even thoſe, 
who have already made canſiderable Advances in the 
Study of Geometry, may meet with ſome IEG 
there, not ny their Approbation. | 
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02 7 EOMETRY We Science, 
| by which we compare ſuch 
Quantities together as have 
Extenſion. „„ 


\ Extenfon' is diſtinguiſhed into 
| Length, Breadth and * 


f 2. A "TE is s that which has Lengrh 1 N | 
HBteadth, as AB. 1 B 


3 n a * 
D 


R : 
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"alk Points, and have no — or Extenſion. 


5 © 4 3. A Surface is that which has 


as ſame As as AB. A. —3 


28d. 


The Jae Wan or Extremes of a — 1 are 


© | * and e only, TO Go 


The Bounds of a Surface are Lines. 


4. A Right-line is that which lies vents be- 
twixt its Extremes, or which every where tends. 


a 120 
5. An Aue is the Inclingtign, or ll 


Opening of two Right-lines meeting ; 
each other in a FOE, as DP. i 
. 4 
c 6. When one Right-line 0 
„„ AB, makes the Angles on | 
both Sidesequal, thoſe An- * 
5 Es Bles are called Right-an- | 0 
. les; and the Line C D is 8 


„„ D. © DB Jad perpendicular to 


the Line A B. 


— 


7. An acute Fang is that which 4 4 
is leſs than a Right-angle, as E. 
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Terms or Bounds are 


4 


3. An * Angle is that 


: which is greater than a Ae ky F 


ole, as F. 5 ; | — 8 * 


The Diſtance of two Pine is the mY 


Line Cong from one Point to the other. 


10. The 3 of a Point from a Line, is its 
Diſtance from the neareſt Point in that Line. | 


11. T wo Right-lines g 7 D 


„AB. D arc-faid.to.he —rr 
parallel, or equidiſtant. > 


when Perpendiculars A C 
and BD, to one of them 


AB, any where taken 12233 — 
terminated by the lies - - A B 
CD, are equal the one to the other. 


12. A plane Figure is that "which lies Py 


betwixt its Bounds or Extremes, or which agrees 


with any Ri gating FRO from. one E 


to another. 


13. A right-lined plane Figue 18 chat whoſe 


14. All plane Figures bounded by three + Right 


: * are called — 


- 13 


i Ble 


is that whoſe Bounds or Sicke are 
all equa), as A. . 


- A iſoſceles Triangle is | when 
_ only two Sides a are equal, as B. 


a— . - 5 * — ©: do woo ati. >. 


17. A ae Triangle | is $:7" 
all the three Sides arc 8 
2 x 


9 2 «7 
1 v + 3 * 
«1 
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B 18. A Fenn Tingle is 


ed that-which has one Right-angle, 
3 ABC; whereof the Side AB 


i A OPTI 2855 A ed the Hypothenuſe. | 5 


19. An aus aid Toe » is that which 2 


has one bene Angle. 


has ail: its Angles acute, 


21. Every plane Figur FORE 1 four Right 


- hos IS called 2 Quadrilateral. 


i 


4 


15. An equilateral Triangle 


ſite to the Right-angle is 


20. An acute-angled T ns, is * which ” 


22, Any | 


dy WT, . vo * 
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22 is Quadrilateral whos . 
1 dfite: Sides are parallel is 
„ alled a er as D. 
5 | | 
4 23. A Prallclogram whoſe An 
. gles are Right, is . a Rect- 
b angle, as E. E 
n 
24. A Square i is a Rectangle whoſe —] 
four Sides (as well as 9 ee 
_ as F. 7 | 192 be F | |. 
A 481712 2 12 
* 2283. A Rhombus is a Parallelo- 


gram whoſe Sides are all _ but 
its e not © as S | 


- Q Www OO 


are called Trapeziums. 


27. A Right: line 3 joining any two 2 An- 
gles of a four-ſided Fi igure, is called · a Diagonal. 


28. That Side A B upon 3 

which any Parallelogram = 2 

. ACEzB, or Triangle AC B 15 
is ſuppoſed to ſtand is cal — 

led the Baſe; and the Per- A D B 

pendicular CD falling thereon from the oppoſite 
Angle C, is called the Altitude of the Parallelo- 


* or Triangle. | = | 
: v3 1 = um 


26. All other four-Gided Figures beſides theſe 
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"0D es 2 0. a n 
\ . * 
. je x 4 * 
% SE * * 1 0 
. _ \ 
*. 
if 5 2 k * 
1 % 
. 5 


29, A Circle is a plane 
Figure bounded by one cons: 
tinued Line APCD, cal- 
led its Circumference, every 
where equally diſtant from a 
Point E within the 0 
called 1 its Center. 


C 


3 o. The Radius of a Circle is the Diſtance of the 
Center from the Circumference, or a Right-line 
A E drawn from the Center to the Circumference. 


PosTuLATEs or PeTITIONs, 


5 T har, from any given Point to any other 
given Point, a Right-line may be drawn. 


2. That, a Right-line may be produced; or 
m— out at Pleaſure. 


2. That oh any Center, at any Diſtance, or 


with any Radius, the Circumference of a Circle | 


may be deſcribed, 


4. It is alfo required, that the "0 of Lines 
and Angles to others given, be granted as poſſible: 


That it is poſſible for one Right-line to be per- 
pendicular, or parallel to another, at a given Point, 


or Diſtance; and that every Magnitude has its 
m_ third, fourth, Sc. Part, 


Note, Though theſe Poſtulates are not always - 


quoted, the Reader will eaſily perceive v ere, and 
in what Senſe are to be underſtood. 


AXIOMS, 
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AXIOMS, or Self-evident Truths 


1. Things, _ to one and the ſame Thing, are 
alſo equal to each other. 


2. Every Whole i is greater than its Fart. 


3. Every Whole i is equal to all i its Parts taken | 


” e 
5 = = If to equal Things, equal TIS be added, | 
5 the Wholes will be equal. 


3. F Bonn equal Things, equal Things be taken 
away, the ITY will be equal, 


a 6. If to, or from unequal Things, 3 Things 
. be added, or taken away, the Sums or mn 

p | will be unequal. | 

| | 7. All Right-angles are equal 0 0 one another. 

| rr 
i Ae, BD in the ane 8 

Plane, not parallel tor % ĩð Im. D 

1 each other, being infi : "Is 

: nitely produced toward 

. thoſe Pa rts where their A 8 - 

J Diſtance i is leaſt, will rue each other. 

S 

& ig? 9. f 


. lines CA, CB, 
making an An- 
ole. C, be re- 


| — K —x o two other 
A. „ E Nieht lines FD, 
FE, 3 an Angle F, and the Angles which 
| they make C and F be likewiſe equal, the Right- 
lines AB and DE, joining their Extremes will 
be equal; alſo the Angle A equal to D, the An- 
gle B equal to E, and the Triangle ABC equal to 
the Triangle DEF. 
If this Axiom ſhould not appear ſufficiently evi- 
dent; conceive the Triangle DFE to be removed, 
and ſo apply'd to the Triangle ABC that the 


Point F may coincide with C, and the Side FD 


fall upon the Side CA; then, becauſe FD is ſup- 


poſed equal to CA, the Point D will alſo fall upon 
B: And the Angle F being equal to the Angle C, 


the Side FE will fall upon CB; and conſequently 


the Point E upon the Point B, becauſe F E is ſup- 


poſed equal to CB. "Therefore, ſeeing the Point F 


coincides with C, D with A, and E. with B, it is 
manifeſt that the two Triangles agree in all their 
Parts, and are RENEE __ and alike in all Re- 


ſpects. 


NorEs and 3 with the Signi- 


fication of 1 and Characters uſed in 
Tract. 


A Propoſition is, when ſomething is, either 
fed to be done or demonſtrated. 

Problem is, when ſomething 18 * to 

be done. 1 


9. If two Right · 


ſpectively equal 


* 


* 


91 


A Theorem is, when ſomething 1 is propoſed to 
be demonſtrated. 

A Lemma i is, 2 Ge ſome Nen 18 demonſtia- 
ted, in order'to render what follows and what was 
firſt intended, the more eaſy. | 

A Corollary is, a conſequent Truth, gained 
from ſome preceding Truth or Demonſtration. | 

A Scholium. is, when Remarks or Obſervations. 
are made upon ſomething going TOs 


The Significtion of 8 I G N J 


The Sign = , denotes that the Quantities be- 
twixt which it . are equal. 
The Sign g, denotes that the Quantity pre- 
ceding it is greater than that which comes after it. 
The Sign A, denotes that the Quantity preced- 
ing it 1s leſs than that which comes after it. 
The Sign +, denotes that the Quantity which 
it precedes 1s to be added. | 
The Sign —, denotes that the Quantity which 
it precedes is to be taken away or ſubſtrafted. _ 
When a Figure or Number is prefixt to any | 
Quantity, it ſhews how often that Quantity is to 
be taken or repeated; as 5A ſhews the Quantity 
— oF. A is to be taken 5 Times. 6 


D When ſeveral Angles are 
formed about the ſame Point 
(as at B) each particular Angle 

| \/ is deſcribed by three Letters, 
K. I. whereof the middle one ſhews 
the angular Point, and the 

other two, the Lines that form the Angle: Thus 
CBD or DBC ſignifies the Angle formed by the 
_ CB and DB. 


* - * a 0 £ * 
1 ; WI 
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When in any Demonſtration, you meet with 

| ſeveral Quantities joined the one to the other con- 
tinually by the Mark of Equality (=), the Con- 
cluſion drawn from thence is always gathered from 

the firſt and laſt of them; which are equal to each 
other, by vertue of the firſt Axiom. 
Alſo, when in the Quotations you meet wich 
two Numbers, the firſt ſhews the Propoſition, and 
the ſecond the Book. Moreover, Ax. denotes Axi- 
om; Poſt. Poſtulatum, Def. — ; IS: 
Hypotheſis, Ec. _ 


Tnzonrm IL 


AR e line AB perpendicular to one of two pa- 
rallel Right-lines R AS, is * perpendicular to the 
other P B 2 


ww qa OM nl fo (5 ARMY = 


P E. RB F Q fa, in RS let any 


| two equal Diſtances AC, 
* Poſt. 4. Dad AD be taken , alſo 
. let CE and D F be per- 


7 pendicular to RS , and 
| let AE and AF 
Poft. 1. drawn *: Then ſince the Triangles AEC, AF 
4 have AC AD, CE=DF* and the Angle 
Der 1 ACE SAD Fe, they will alſo have AE == AF, 
and 41. and the Angle CAE = the Angle DAF =; 
f Ax. 9. which equal Angles being reſpectively taken from 
+ das. the equal Angles CAB, DAB; there will remain 
A. g. EABZFAB >. Wherefore, ſince the Triangles 
| E AB, FA B have the Angle EAB=FAB,AE= 
| AF, nd AB common, the Angle EBA will alſo 
& Def. 6. be equal to FBA and conſequently AB per- 
mats: to P N.. Which was to be eg, 


I, 


4 uh 


r 


THEOREM 


— ß ] 


lines GH, KLM be per- E. 


8 5 111 
Tus IL 


Twv0 Right-lines A B, EF parallel to one and the 


fame Right-line CD, are parallel to each other. 


For, let the Right- 


L 
pendicular to CD meeting | | 


AB and E F in the Points 9 | If 7 D Poft. 4. 


GIM: The ON GE 1 
being = KL and HI= A G BK 5 | 
LM, thence will GI Def. 11. 
KM ©; therefore, as both theſe equal Lines are e Ax. FIN 
perpendicular to CD *, they will alſo be perpendi- * Hyp. 


cular to AB and EF (by the precedent) and conſe- 


quently A B and EF — to each other *, el. Its 


Which Was to be 2 


Tenn III. 


From the ſame Point A, to the ſame infinite Right- 
line BC, can be drawn only one SHORE Right 


line AD. 


For, if poſlible, let AE be E. : A 


alſo perpendicular to BC: e 

Then, if AF be conceived © * | 
allel to BC, the Angle 3 2 Poll. 4. 

EAF will = a Right-angle — — 

d—DAF; that is, a Part, B E DP. Se 1. and 

equal to the Whole. | Which e 

is impoſſible *, * 


L513 5 
n EFOREM IV. 
A. Right-lme AB fanding upon another Rip bt- 


kn CD makes with it two Angles ABC, ABD, which 


talen MD are * to two Right-angles. | 


- 3 E 


. * If the Angles ABC, ABD, 


| H if unequal, let BE be per- 
„„ — pendicular to CD *; then 
80 — B — becauſe ABC = Right-angle 
4. „ 5 Then + ABE and ABD = 
3. Right- angle — ABE , therefore will ABC+ 
ABD (2 Right angles + ABE— ARE) 2 
Ax. 4. FOTO . Which was to be demonſtrated. 


— 


Corollary 1. 


Hence, all the Angles at B (made on the ſame 


Side of the W CD). are e to two 


e 


S 2. 


# 


| Hence, alſo, if one Right-line AB, falling v upon 


two others BC, BD makes Angles with them 
ABC, ABD, at the common Point of : Concourſe © 


"© equal to two Right-angles, thoſe two Lines 


A, S OY, BD, will form one continued Right-line : 


For, if the contrary was poſſible, then, CB being 
produced to H, the Angle ABC + A BH would 


0 ba 5 Which is 3 f. 


„ . 
N TukoREM 


| A are equal, it is plain they 
Def. 6. make two Right-angles , 


*Ax.1andbe=ABC+ABD*, and fo ABH=ABD*: 


: disce the” Angle ACB into 


_—— Ff* 


' ACERC 2,. CD common, 
and ACD= BCD#®;will alſo „ = 


ee 


; © biſes the vertical Angle of an iſoſceles Triangle, 


En 


Turo ken 


V. 


Þ 
Wo, 


4 oppoſite Angles AEC,DEB made by two 
K. ü, AB, CD le each otber, "ure _ 


For AEDEAEC= zRight- D 
Angles * AED T DEB, 
from which, take away AED, 1 
common, and there remains . YA 
ART. DEB M kich Was. ids 


* Ve. 9 Id 8 


to be denopyrated.. 4 YG Af 


n 4 
73 93 
* 3 \ - 2 


> THzoREM VI ple. 


The Angles A and B at the Baſe of any iſo ele 1 : A 
3 riangle A B C are equal to each * 3 


For, let CD biſect, 


1. * 
A Q.. — 4 


two equal Parts 4 'and meet 
AB in D; then the Tri- 
angles AED, BCD* having 


* ® 
* 0 


** 
a £ EY 


have A Be. Which cas el 20 2 

60% be x wnſtrated. | 1 AA 63 HILYALDASOTH 
| CoRoLLARY 1. 

- Henge,. it appears that the Right-line which 


biſects the Baſe, ang f is alſo e to a 8 


” 140 3 
%# 


nt ©» 5 Cool. 


141 
Conortany 2. 


It appears, moreover, that every equilateral Tri 


© Ax. 1. angle likewiſc equangular'*. - 


TrnzoReM vn. 


- If two 1 ig, ABGDEF have - 


their Hypotbenuſes AC, DF and alſo oneSideBC 
of the — equal to one RE > the other, the re- 


_— Sides BA, ED * be equal; A 
F 


* 


. : , 
= s * 
: , * "I * 
+ * 3 


"If you. \ay a are not 33 | Then; ga. the 
greater AB, Ther a Part BG, equal to the leſſer, be 


a Poſt. 4. taken away , alſo let CG be drawn, and let CI 


biſect the Angle GC A . Therefore, becauſe 


»Hyp. BG=ED, BC=EF » and) B==E 5 thence; will 


. CG =FD* = AC „ and ſo, the Triangle 


: th” ACG 5 being iſoſceles f, HC (as well as B C) Will 
nd fix t be por gene: to AB s: Whichis impoſſible b. 
I 2 


E Cor. 1. . 3 MEE 
to 6. 1. Gon yi 


d 3. I, 


Hence, . DE= AB, We peldre is the An- 
gle DA, the Angle F = —ACB, and' the Tri- U 


angle DEF= the — ABC a, 


TgROREM 


7 


i- 


M 


dicular to PQ, and they will 
alſo be perpendicular to RS 


a; therefore, ſince the Trian- 


1151 : 
Ta vm. 


A | Righe line 4 B tegie roo Merle R ight- 


limes P 9, RS, makes the alternate. Angles PCD, 


SDC equal to each other. 
Let CF and D E be perpen- 


gles CED, DFC are right. 
angled at E and F, and have | 
ED=FCÞ and CD com- 

mon, they will alſo have the Pre EC Day = the 


Angle FDC e. "Which was lo be demonſtrated. < Cor. to 


Con Ar. 


1 BDR = =FDCe, — FDC BCE. * * 


3 18 BDR BCE *: Whence it appears* 8. 1. 


that a Line falling upon two parallel Lines, makes . f. 


the Angles on the ſame Side of it, which are above 
+ thoſe Lines, ___ to Nr other. 


Conorrany 2 


. becauſe ECD= FDC * „ and FDG 
* RDC = 2 Right-angles *, therefore ECD 


Rp is alſo 2 Right-angles ; *z that is, a\Right-, 


194 


1 whey __ two ” ig a Lines, makes the two, 5 


4 5 : THEOREM | 


016] 
Ef 1 IX. 


If a Right-line AB, falling Foun two other Rig, Bi- 


Enes P9, RS, makes the alternate Angles P C A. 
SDC equal. to each other, then are thoſe + two allies 


P RS parallel one to the other. 


For, if pofible, let 
R ſome other Line DI (and 
not DS) be parallel to 


is l ble ©. 


* e 0 RO L L A R v. AL : Saf 
| 8 if the Ah s BDR, BCP 8 equal to 
each other, the ecke and PQ will be parallels; } 
25. 1. becauſe BDR omg =SDC * „Ber will allo 
* Ax. 1. 3 pr | 2 
1 Turo X. : 3d. 
3 Side 1B of a Triangle ABC Je produced, 
4 the external Angle CB D will be equal to both the in- 
5 ternal al oppo te N 4 and C taken together. Z 
| 5 . E For, let BE be pa- Y 
„„ Con VT oi, - yalfel ro e&rd then | 
„„ 097957 Aon 2 
$23: FOE oof CBE and — 
10 Ae gle A DBE; there- 
. Orb km GRE 
44 E ChD. Which was oat demon- 
x. 4. | 
ec Ax. 3 — | 


P . then SDC=DCP 
——-Þ*=- TDC *® : Which 


N 4 


3 


©. 4% - 
i © an 


) Le 


For, ſince C＋ A=CBD, if CBA be added, there 


2. :Whenifove, (If. two Angles in one Tila be 


e D N v 
Wee 8 9 vis 2 c 8 7 I £7 ** 
4 &, 


— IEA NINE EN IEEE r 
8 A e 3 
n Cs EI 1 2 


n nn - = . . N g * : 2 5 l 99 4 K a "IF TY 
5 e 3 1 . * A 28 r WAS (3%, r. 5 wx V4 
n . eren 8 Lt . , nel fe en 
8 r 5 2 s 4 . : tt Vo rot rage RW N. 9 ” 
* © * "#4 


N "be * 


F 
* 


. Jon ARIS 

1 | MEL. 4 43 t3 445131 

® 

I 4 F le, the three Angles of any plane Trian: 
A ble, taken together, are equal to two Right- angles: 


will de . CBA "a 


= | = 2f Ax. 4. 
' Right-an gles k. 


Cor. 1. 
to 4. 1. 


| exial to two Angles in another * the re- 


maining Angles will alſo be equa] *; b Ax. 5. 


3. If one Angle in one Triangle, be equal one 
Angle in another, the Sums öf' tile n An- 
: . will be equal 5 „ 0 5530) 1 1 5 | 


4. If one 1 of a Tine be Right, the 
ee two taken together will be equal to a ad 
angle. 


2 a If. one Angle be either right or obruſe, the #1] 
Uther two will be both acute. 883 6 


6. The external Angle i is ——_ than cither of 
the internal oppoſite Ager 1 T7 


7. The Angle of an en Triangle is equal , 
to 7 of t two. Right; AO ons Ws © 


bo * . 


k Cor. 2, 
to 6. 1. 
8. If the vertical Angles of two iloſceles T rian- _ 


. les. be equal; The N ga at the Baſes will alſo be 
re 2 ; ” | 
's 5 20 8 7555 1 4 
of 251v1t-2: 1 7 H'E on E M XI. 
- The Yew inward Aries of any Quadrilateral. AB 
0 D are Le to Tow Right-angles.” 


e 5 Let 


2894 41 


6. 1. 


N } 
*— pa” 3 4 
—_— 4 . ö Hg 
. , e , * 
PR 1] a 
FA 


«Bs 
4, 


5 
@ 5d 


181, 
40 Let the Diagonal AC be 


of the Triangle ABC. being 
= 2 Right-angles „ and 


J equal, alſo, to two, 
B angles , it follows there- 
ö that the Sum of all the 

s of both Triangles, which make the four 

| 2 of the 9 muſt be equal to _ 

| » Ax. 4. Right. angles Which was to be rn 


Z | Conortany . En 
ene if three of the Angles be right, the 
fourth will alſo be right. 


Corollary Wo 


| Moreover, if two of the four Angles be al to 
two Right: angles, the remaining two will = 
be ne to tuo * : 


1 XII. 


A the inward Angles of 4 five- 4 Fipurs 
.ABCDE, taken how 14 2 oy Rite 
angles. 
. Let BE be drawn. 
: All the Angles of 'the 
> E Quadrilateral BCDE are 
a equalto4 Right- angles, 
and all the Angles of 
the Triangle BAE are 


D 


gles d; therefore all 


drawn; then the three Angles 8 


A equal to two Right-an- 


the 


thoſe of the Triangle ACD | 


"#8 
1 
+, 208 


TT 


= "Ez 


% * 
* * 
* & Ganan 


be) let there be taken AD 
Then AB C+ACB=ABD | 


AD = AC be taken away, and 
let CD be drawn. The Tri- 


tat 


| the Angles of the-whole Figure ABCDE are equal 
: to fix e e, Which was 10 be ee © Ax. 4, 


F 


After the ſame Manner it will appear, chat the 
Angles of every ſucceeding Polygon, will exceed 
the Angles of that e >< PRA it © oy 


two 9 « 


TH 1 0 REM XIII. 
8 1 9 Tri riangle AB C, that Side AB which Ab. 


tends 45 greatet Angle 4 CB is the greateſt 


TL AC produced (if need 


AB, and let BD be drawn. 


+ ADB* =2 ABD D: But 2 Cor! 3. 
N ooyn Lage ee. A > Bo 10. 1. 
A CB, the former A BC is the leſſer ., it muſt be? 6: 8 

leſs th: an half their Sum or ABD*; and, ſo BD, _—_ | 


"Eid without the Lg * 45 AC 4'is s alſo leſs 
. a AN AS B). n | 


8 E. Y 
Jun 0 R E ** xi. 
he 3 Side 4 B of any T rianle 4 5 C Jub- 


" of the greateſt ae, : 


. AB, preg is the 
greateſt, by Hypotheſis, let 


angle DA C, being iſoſeles b, 5 55 5 B Confer, 


the Angles A C D, ADC vill be equal , there⸗- 


G-2 fore 


20 
5 fore A CB, which is greater than the former . of 
d Ax. 2. them . muſt alſo be greater than the latter ADC, 


© Cor. 6. and conſequently much more greater than B „which 
to 10. 1. is only a Part of the latter. Q, E. D. 


Tu ron XV. 


Two Sides AC, BC of: a Triangle ABC, a ay ig 
taken, are a: than the third Side IB. 
D bb In BC produced let than 
ä be taken CDS = CA, and 
| let AP be drawn. The 
Angles D and DAC are 
. _ equal ©; therefore BAD, 
| — ZB which exceeds the latter », 

A ES muſt alſo exceed the for- 
mer'D, and conſequently 
BD o Ha exceed AB * BY E. P. Pq 


1. 


13.1. ; + ert . 
. u E O * * mM XVI. 9 5 N 


| Of all the Right-lines P. PB. PC pat rih 
given Point P, upon an infinite Right-line RS, that 
PA is the leaſt which is perpendicular * to RS; and. of 
the reſt, that Pg which is the; neareſt the Perpendj- 
_ Cular is 2 than 14 "_ P C at 4 gray Diftance. 


a Hyp. 


b Cor. 5. 
10. 1. 


ä angle *, ABP will be a- 
cute *,; avi therefore AP 
BP. Moreover, ſince 
nr Right-angle * . 
= BCP, therefore is 


613. 1. P 


; o B AS PCS PB. LE. D. 


Sc Ho- 


For BAP bein gaRight- | 


4 55508 


tend and SI 224 .a_ <<. 


2s 


189. 1 


N 


477 SCHOLIUM. 


-_ 


- Becauſe no two Right-lines on the ſame Side of 
the Perpendicular AP, can be equal to each other 
(by the Precedent), it is evident that three equal 
Right: lines cannot be drawn from the Right-line 
RS to one and the ſame Point P. Whence the 
Reaſon why the Circumference of a Circle cannot 
be deſcribed through three Points in the ſame 


Right-line, is manifeſt. 


THEOREM XVII. 


If two T riangles ABC, AB D fand upon the ſane 
Baſe AB, and one of them A D be wholly included 
within the other ABC, the Sides AD, BD of the in- 
cluded one taken together will be leſs than the Sides 
AC, BC of the other, but the Angle ADB contained 
by them, greater than the vertical N C o the other, 


Let AD be produced to 
meet BC in E. The Angle 


A DB, being external, is T a Cor 65 
BED a, and for the ſame ' 0 100 1. 
Reaſon is BED © C; con- | 
ſequentlyß ADB © Cb. b Ax. 2. 
Again, ſince AC CEA //© © | | 
(AE) AD+DE-<«, andBE 2 — —< 
DE © BD, by adding A ee 3 


the greater to the greater, and the leſs to the 
leſs, we ſhall have AE+CE +BE+DE& 


AD+DE+BDs, from which let DE, common, a Ax 2.5 


be taken away, and there will remain AC CE 


+BE (AC+BC) AD TBD. VE D. «ca. 


6 5 Tuko- 


2 ! 3-1. 
Þ Conſtr. 


* Ax. 2. 


0 7 
'T HEOREM XVI. 


If two Triangles ABC, DEF have two Sides AB, 
BC of the one, equal to two Sides DE, EF of the 


other, each to each reſpectively, and the Angle ABC. 


contained by the two former be greater than the Angle 
E, contained by the two latter , then, accordingly, the 


Baſe AC of the former will be ae than =e "tl 


DF of the latter. 


NAYL 


| Let the 1 . and or BO), 


"6 let AG and CG be drawn *. 


CAsE r. If the Point G falls in AC; then be- 
cauſe ABC ABG (E), by Hypotheſis, i it is evi- 
dent that A C is - AG b. 

Cask 2. If G fall above AC; then ABT BC 


being © AGH BG, let BC BG be taken 
away, and there will remain AC c- AGG. 
Casx 3. If G falls below AC; then the Tri- 


angle BGC being iſoſceles d, thedng les BCG, BGC 
at the Baſe thereof are equal t; Gherefore AGC 
which exceeds the latter of them, muſt alfo exceed 
the former BCG, and conſequently much more 


exceed ACG, being only a Part of the former: 
| Whence alſo the Side AC muſt exceed the Side 


AGs. But DF is AGI; therefore AC being 


in every Caſe, greater than AG, it muſt like wife be 


greater than its _— D 2 E. D. 


Täako- 


NX . 


22.0 LS 


- c N co 


01 


k 23 J 
T H EKO REM XIX. 
17 the three Sides AB, BC. AC. of one Triangle, 


be be equal to the tbree Sides DE,EF,DF of another 
0 Triangle, each to each reſpektively, the Angles con- 
ole tained 2 the equal Sides will 9 2 be equal, © | 
be 2 
je BF For, if it were 
5 poſſible for any 8 
Angle C to be 
greater or leſs | | 
than its corre- ,/ . 
: ſponding An- R . 
gle F, then (by 
the Precedent) the 1 Side AB would alſo be 
greater or leſs than the n Side D E. Which 
* oi n. to Hypotbeſis. | 
e- Sa 
5 HFence, Triangles mutually equilateral, are . : Fl. 
C _ wiſe mutually cquuangular. | | . 
5 Corortany 2. 
8 | | — * alſo, Triangles mutually equilateral are 
C equal among themſelves ?. = aq. 
e T HE OREM XX. 
e Py in equiangular 7 riangles ABC, DEF, two Sides 2 
g Bn 45. DE, lying between equal Angles, be equal to each 
e 17 the other correſponding Sides will aljo be _ 


C4 | if 


2 Poſt. 4. 


b Az. 9. 


e Hyp. 
_d Ax. 1. 


e Cor. 2. 
to 19. 1. 


BC is great- 
er than EF; 
from BClet 

a Part BG 

be taken = 


B. D: 


A. 


having AB=DE,BG=EF and B=E (by Hypo- 
theſis ), will alſo have BAG=D b, but DEBAC 2 
therefore BAG BA on 5 Which 15 impoſſible, 
2 E. P. | | | 3 


con An v. 


Hence, equiangular Triangles, W any two 


correſponding Sides equal, are equal to each other *, 


THzroREM XXI. 


F, in two Triangles ABC, D EF, the two Sides 
AC,BC of the onebe reſpeRively equal to the two Sides 
DF, EF of the. other, and the Angles A and D, at the 
Baſes, ſubtended by the equal Sides B C, EF, likewiſe 


equal, and the other Angles B and E, at the Baſes, 


either both acute or both obtuſe ; then will tbe Fwo Tri The 
angles be equal in all Reſderrs.” A 


„ Let the 
Angles B 
and E be 
. | E both acute, 
d Hand leCG 

| and FH be 


perpendicular to AB and DE. Tt is evident that 
b the 


— * 


Ir you ſay 


EF a, and 
jet AG be drawn. The Triangles ABG, DEF 


0 ＋ He 2 20 


nn 


8 


n 


| 


.*.. hh 


STE >> 


wy 1 On | 


[25] 
che Perpendicular CG falls within the Triangle, be- 
cauſe the Angle AG C (being B, ) muſt bea H 
external to the Triangle CG B b. And the ſame is 44 6 
evident with Regard to the Perpendicular FH. 52 10. 1. 
Now, becauſe A Da, AGC=DHF and AC ax..7, 
DF a, therefore is AG= DH and CGS FH, d za. 1. 
"X whence, CB being = FE, BG is alſo 2 EH =, x 
and conſequently AB (A GB G) DE (DH 
EH :) Therefore, ſeeing the Triangles, ABC, * Ax. 4. 
DEF are mutually equilateral, they are equal in 
all Reſpects r. Cor. to 
In the ſame Manner the Propoſition may be de- 
monſtrated when both the Angles at the Baſes are 
obtuſe, as in the Triangles A Cb and DFe: For, 
if Cb Fe; then, CG being FH (as above) 
Gb will be=He * , and conſequently Ab (AG 
8 =DE (DH— He, 1: 5 D. b Ax. 5. 


THzoOREM XXII. 


IF two Augles A and B of a Triangle ABC be 
| equal, the Sides B C, A C JON them will likewiſe 
e equal. 5 : 


Leet CD biſect the Angle 0 
ACB, and meet AB in D: 
Then the Triangles ACD, LS 
BCD being equiangular ®, #f | a Hyp. 
and having CD common, fin] mn Ne ICT, 
will alſo have AC = : BUY, TRAD = Wh. 

825 E. D. k B d 20. 1. 


CoxoLLARY, | 


Hence, ay equiangular Triangle 1 is alſo, equi. | 
en | 


THEOREM. 


&« E 
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| P HE O ) R E M XXIII. 5 

The oppoſite Sides A B, DC and the cots Angles 
B,D of any Parallelogram ABCD are equal, and the 
TI AC divides the Whole into two equal Parts. 


For, AB, Dc, and AD, Bc 


Def. 22. being Parallels *, the Angle 

ie; | BACis DCA and BCA 

| = £3 —=DAC%; therefore the equi- 

| A 8 angular Triangles ABC, ADC. 
30. 1.- c, having AC Os; | 


_ COROLLARY, 


Hence, if one Angle B of a Parallelogram be a 
Right-angle, all the other three will be right: For 
D, being = B, is manifeſtly a Right-angle ; and 
therefore the Sum of the other two equal Angles 
BAD, BCD. being equal to two Right-angles (by 
Cor. 2. to Theo, 11.) they muſt, both of them be 


Right. 
1 HEOR E M XXIV. 
Every four: ſided Figure 4 BC D del oppoſite Sides 


ere equal, is 4 Parallelogram. (See the PIG 
Scheme.) 


» Hyp. Let the Diagonal AC be Sw. tes te ThE 


angles ABC, ADC being een, equilateral *, 


1 will alſo be mutually equiangular v, and conſe- 


to 18. 1. quently AB paralle] to DC, and AD to BC. 


Tate. | 


1. 


Tuna xxv. 


te Lines AD, BC joining the Extremes of two. 
equal, and parallel Lines AB, D C (and not croſſing 
each other) are themſelves equal and parallel. 


"JH * 
Eg. , 
N 81 
o * * 
es... 4% 2 ode aw 
2 7 — l N * 


E 


Let the Diagonal BD = > 
To, A Hyp. | Fi & 


be drawn. Becauſe AB 
and DC are paralle] *, 
the Angle ABD is = b $5 — 

C DB; therefore BA A + * PE. 
being DC, and BD | =_ 


common, the remaining Sides and Angles will 


all the Angles D, C, B, A 


likewiſe be IS; 5 and 3 AD . Ax. 9. 1 
to BCA. QED 0 


ra ο XVI 


If in the Sides of a Square ABCD, * — | 
from the four —_— Points, there be taken four 
other Points E, F, G, H, the Figure EFGH "= 
by joining thok Points 2 alſo be a Square. 


For the Wholes AD, E 
OG CB, BA being equal Ar D. 
2, and alfo the Parts AE, | : 
DF, CG,BH », the re- 
maining Parts ED, FC, 
GB, HA muſt conſe- 
quently beequal*;whence, 


being equal d, the Sides 
EF, FG, GH, HE will 
be equal likewiſe *, and 


or a Hart, 


* 


- * 2 8 _ Py 
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cn DEH (HEFA#DEF) = A+AHE 5, if the 


281 
the Angle DEF AH E Therefore, becauſe 


equal Angles DEF, AHE be taken away, there 
will remain HEF= A<=aRight-angle d. Where- 
x 24. 1. fore, ſceing EFGH is a Parallelogram s having all 

its Sides equal, and one Angle right, the other 
* a= to three — will alſo be Right-Angles“. . D. 


* 


Turnau XXVIL of 


If i in one Sidt AB of a Triangle ABC, ge ws 
Point F, there be taken any two equal Diſtances FD D 
and FH, and Right-lines DEM, FG, HT be drawn 
Parallel to the Baſe BC, the Parts GE, GT cut off 
from the uber $ ide AC, will alſo be equal to each olber. 


Let NG M be parallel 
to AB interſecting HI 
and DE in N and M. 
Then, the Triangles 
IGN, MG E having the 
Angle IGN=EGM-a, 
ING=M Þ, and GN 
nt, = FI, = 


d 2 1 . 4 . 
OE. of N \ GM will alſo have 
— Tk C GISGE ©. E. D. 


ConoLLARY 1. 


Hence it appears that, if one Side of a Triangle 
be divided into any Number of equal Parts, and 
from the Points of Diviſion Right-lines be drawn 
parallel to the Baſe, thoſe Right-lines will divide 


the other Side into the fame N umber of equal | 


| Parts, 


| KY 
"0 
3 
4 1 
WM 
2 zÞ 
- 8 
7 
7 
« 1 
Fa ' 1 
* 
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th 


bi, 


and BD: — Becaufe EF and 


SAS „ * BIAS bes ne K 
* 2 7 * 0 2 Fu 5 "gi 4 * * + + % * : 3 4 
1 4 7 3 5 — RE 1 dur 

* N (/ 15 oy Fo 3 


| 7 5 
e of 7 "5 - EE . 
2 of A. 00 0 I. 1 4 R E e Ie NS 


{ oe 


75 


e S A "i; 2 
Hence, alſo, if two © Nahe ines FS, ft. cutti g 


the Sides of a Triangle, be parallel to each other, 
and another Line DE be ſo drawn as to cut off 


FDSFH and GE =I, that Line RE yall be 
parallel to the Ed forrkert v | 4. A 14 8 


Tx zorze a XXVII. 
F all the Sides of any Sredrilateral ABCD te 


biſetea,, the Figure E F GH formed by. joining ibe 


Potyes of” Biſetilon, bill be 4 Parallddogram. 


Draw the Diagonals ac 


HG are parallel to AC * D. 
they are alſo parallel to each 
other b. After the fame 1 
Manner is FG parallel to 
EH; therefore EFGH is -|; 
a Parallelogram . pich 1 


was to de demonſtratai. 
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Plane Geometry. 
wy . PPE Por” HEL p63 4644 5 BY th wy 19 
"DEFINITIONS, -: © 
C F B I. N aParallelogram 
| ABCD, if two 
Right-lines EF, 
I, . HI, parallel to 
5 the Sides, inter- 
— | ſecting the Dia- 
* „ ' ._  gonal in the ſame Point 
G, be drawn, and thereby the Parallelogram di- 
vided into four Parallelograms; theſe two GD, GB 
through which the Diagonal does not paſs, are 
called Complements ; and the other two HE, FI, 
Parallelograms about the Diagonal. 


2. Any 
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do be contained under the two 
Right lines AB, B C that are the 


1 50% 


2. Any Rectangle ACi is id 


Baſe and Altitude thereof. A : 


The Refangle contained l two Links 4 B ail 
BC (or which they would contain, were they placed at 
Right-angles, Cc.) 15 often, for Brevity Sake denoted 
by ABx BC. Alſo AB + BC x AB— C denotes the 
Refangle contained under the Lines A B+ BC and 
AB—BC; that is, the Rectangle under the Sum and 
Difference of the Lines AB — BC: Underſtand the 
like of others, wwhen they occur. But when the Figure 


is a Square, it is uſually repreſented by by placing the 


Figure 2 over the Letter or Letters expreſſing the Side 
thereof : Thus AB ne the * OM upon the 
Line AB. 
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"The a BD,F Fu contained under. 2 bs 
Right lines, are aal. $65,200 Sl. 


For, let che Di- + x» ow 2 BE G 
agonals | ACEG - * Es 6 (Ns 2 "TY 
% ͤ ö! / ˙ ˙ 0 | 
becauſe AB EFH, | 
BCEFG ind. B fd oc oo 
F, the Trian- . * F 1 
gles ABC, EFG | 1 1 1 po 0 J 8 


are equal d. And, in the very th EE will b Ax. . i. 


ADC and E H Gappeuar to be equal: Therefore the 
whole Rectangle AB CD is alſo equal to the whole 
. E "GH ©. Which was to be NG 0 Ax. 4 t. 
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Conrortany 


Hence all Squares whoſe] Sides are equal are Equal 
eng themicives. 1 
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Turo II. 


| Hens ABCD,B 0 F E, Kandg pen 2 
fame Baſe BC — men the erf Paralle B 15 AF, 


S 4 00 4% eee 
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a Cor. 1. For, ſince (in Fig. 1.) the Angk F= 2 A's. | 
to 8. 1. and CDF A, the Triangles FDC, EAB are 


c 10.1. equiangular ©; they are alſo equal e, becauſe CF 


5. ch BE d: Therefore, if each be taken from the whole 


. Figure ABC F, there will remain ABCD= 
A 5. 1. BCFEF, a was o be demoiftrated. 


cs ROLLARY. 1 . 3 
33 Triangles BAC, BFC (Fig. 2.) ſtanding 


| upon the ſame Baſe and between the ſame Parallels, 
are alſo equal, being the Halves of their es 
f23.1. 1 Ea | Ms te 


R” 


co EAA 2. 80 


Hence, ad from Theorem I, it follows, dür all 


Parallelograms, or Triangles whatever, whoſe * 
5 | an 


- 4 


and 


1331 
and Alti tudes are Adab are equal among them 
ſelves; and that every Triangle is equal to half a 


x Rectangle of the ſame-Baſe and Altitude. e SANS b 


Tu ® OREM III. 


The. Complements; E C5 24 <9 Ca Paroles 
40 Fe equal. 9 NE : J! 1 v8 


1 12 ' 4 S. £ < & 4b 5.0 73 6 1 414 1 Vn s 
2 2 75 ts 1 "rt "_ 1 * 392311 Aw © 0 . —_— K . 


"x the whole Tri- Fe bot ti } Sti, 23 
angleDBC being equal i KA yi * 1 18 04 HandDers, 
to the whole Triangle e145 449 N. 18 15 1 A , 

G 2 B 


DAB, and the Parts N E 
DIE, EFB reſpective- me JR 
ly equa to the Parts A 


maining Parts muſt i e A Wan > : 
*. ek was 70 * e . SR oy 5.1 
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TIE SE Ir + 
If two Right-lines AB, BC be given, A 


e 


them A B. be Foided into any Number of Parts, AH, 


HG, G B, either equal or unequal, the Rectangle con- 
tained under the two whole Lines AB, BC, will be equal 
to all the Reftanylts contained under "the W 
Line B C, and the Parts of the FC AB. 


Let e ike Re&- . * = At 220 
gle contained Mdet "the. FI i 
5 Whole Lines, and 8 2 
GE be pe dicular F £2 
95 155 meeting 18 in F gi M4 : 


| . Then will BE, GF, ATT * 08 i *Cor: to. 


HD be Rectangſes of the 7 220 23. 
ſame Altitude- with BD e; therefore AF =BOnd 23:1 15 
AH, FI * BCxHG and n and e 1. 2. 


D» con- 


conſequently BC „AB (= AC=AFHHE XR 
«Ax. 3. GC) = BOXAH +BC x HG + BC + * BG". - 
and 4. f. Which was to be demonſtrated. 1 


ConoTTARx. : F T 


Anse the Rectangle BE, under the whole un- 
divided Line BC and one Part BG of the other, is 
equal to the Rectangle BD contained under both 

the whole Lines, leſs by all the Rectangles GF, 
HD under the undivided Line and the err 1 

E 3. Parts of the e other 2 : BB. 
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8/7 a Right- line AB. br, any ik, divided into two | 

Parts AC, BC, the Square of the whole Lint, will be 

equal to the Squares of both the Parts, together with a 
double — under the ſame Parts. 


a Ly et Let ABGL bethe Square, 
| | ä BC, and let EF — (F be 
ly _ |; produced to meet the Sides 
Nt N T = py hea ABGI in M 
q ER = an a. 0 . 
3 5 22 55 Becauſe AB=BG = x 
. 1 BCS BE,, therefore AC= © 
* AT CC B EG; whence FN being 
© 23. 1. ; =RC and FM = EG e it 
4 Ax.1.1. follows chat FN=FM *; i; therefore, all the An- 
"Os to ples of the Figure being right ones, NM is a 
Def 24: Square * upon. FN (or AC) and AF, FG are equal | 
I. to two Rectangles under BC and AC 5: But AG= | 

2 1. 2. 'BE+FI+ AF+FG, or MEDC IAC x 
ne ABXBC).. 2E. Db. 
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"Coroltany y: 


er the Square of any Line is equal to four 
Tir imes s the Square of half that Line. 


CoroLtany 2. 


e alſo, if two Squares be equal, their 
Sides muſt be equal; becauſe unequal Lines BA, 
B C have not equal Squares. . 


Turo =I VI. 


The Difference of the Squares ACEH, ABDG of 
any” to unequal Right ler AC, AB, is equal to @ © 
Te”. under the Sum and Difference of the jane 

In EH DOTY. r 


** 2 af.” — * 


ced take H K e e e 1 8 
AB; make K pa- F ———̃—iÜ' — 7 
rallel to EC, and [PP JG © 
let DG be g . | bo 


cel both Ways #0 _;=1 © 0-7 
meet IK and EC: FE 4 


Becauſe Kee © 


F ABEZEH-HK* Ex, ad AC—AB= *. "Hp 1 
X —AG <= HG=KT), therefore is FK a Rectan- 74 


gle contained under the Sum and Difference of 23.1. 


| E | AC and AB: Moreover, becauſe BD (AB) & · Def. 2.2, 
= HK, and BC (=AC—AB=AH—AG)'z = 


HG, the Rectangles BF and GK; being contained, 


. under equal Righ Files, will-be equal * ; to Which 1. 2. : 
let FH, common, be added, CO BY BH 


Dee tt ba, 


- 
** 
. y 
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= the Difference of the two Squares AE and 
© Ax, 4+1.A \ D) : = FK*. Which was to be demonſtrated. 


1.05 1 * . Turo R E 1 VII. 

The Square upon the Right line AC, ſubtending the 
 Right-angle of a. plane Triangle AB C. is equal to both 
the Squares B E, BG made 1280 the Sides AB, BC in- 
__ that Angle. | | 


14 


FT. 5 Des of the Squares 
Mg BE, BG be produced to meet 
F — C each other in L and D; in 
| Vvhich take KL and IG each 

I Yeh equal to AE (or AB) and 
. 9 $a, ee Ch Tha, and Lk 4 | 


Ny D | 2 drawn. 
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a Def. 1 8 
and 24. 1. 
> Cor. 2. 


to 4. 1. BC, as alſo AB and BH, make one Rick ling >; 
moreover, ED being parallel to FC * to 
2. l. and I. G, and EL parallel to AH parallel to PG, the 
Def. 22. Figure LD will be a Parallelogram, having = of 
"£9 its Sides equal to AB+BC*; and therefore, its A -q 
Cor. to gles E, D, G, L being all Right- ones , it will al 
„ Square and conſequently . AC IK a Square 
Het 24. Itkewiſe > burt this laſt Square is leſs than — 
d 26. 2 former or he whole Figure, by the four Trian 
EG DO which are * 
, and whereof each is is = = half 5 
e „ 41K is leſe than the bole ovine by a0 yok 2 
gc gual to the two Rectangles BD, BL, and that the * 
two Squares BE, BG are alſo leſs than the hole 
1 A*. e. i Figure by the ſame two Rectangles, | it is plain that 
the Square A CIK is equal to both the Squares BE 
and BG taken together „ Which was to be demon- 
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"ConoLLany. 7 
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„5 „ n 


Ates the Square upon 50 of the Sides, * in- 


= a the Right-angle, is equal to the Difference 


of the Squares of the Hypothenuſe and the other“ Ax. 5. 1. 
Side a; or equal to a Rectangle contained under the 
Sum and Difference of the  Hyporhenuſe and the 
other Side b. 6. 2. 


1 


Tur enn U vir. 


8 any Triangle ABC, ad the Paneidiait 
CD, from the Vertex to the Baſe, falls within the 


Triangle, the Rectangle, contained under the Sum and. 


Difference of the two Sides AC and BC, is equal to the 
Rectangle contained under the whole. Baſe AB, and 20 | 
WO of its. tipo Segments AD: BD. 


7 Bore ACEAD + 251 
DC* *, and BC* = BD* 


ing the latter from tlie for- 
mer, we have AC*—BC? 7 _ _ 
= AD* —BD* >,” bur 
AC - BC. SAC EC | 


Ht + 


*KC<EBC<; and AD* —BD* = ZDFBDe 6 4 
AD— DD ATB therefore, alſo, 


E ABK A5 5 1 Ax 1. 1. 


Se 91 


I 


e 


e \Conprunay 


E # AF be taken = BD; and AB be 


ASE Gabe ABN being=AD—ABs, ax 5. 1. 
'D 3.5 AA a; 219 
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' fm 


* Hip. = FD = 2 ED", 
Al. 1. 1. AC—BC=ABx 2EDc; 


9 6. 2. 
d g. 2. 


381 5 
it follows that A C-BCx 
or that, the Rectangle 
under the Sum and the Difference of the Sides is 
equal to the Rectangle under the whole Baſe and 


twice the Diſtance of the r from _ 


Middle of the Baſe. | 
Taos nx IX: - 
In any plane Triangle A BC, where the Perpendicu- 


lar falls within the Triangle, the Square of one Side AC 
is leſs than the Sum of the Squares of the Baſe and 


_ other Side, by a double Rectangle under the whole Baſe 


$43 7 


* 
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2 


AB and the alternate 8 en B D. (Cee the NAP : 


8 heme. 2 


For, becauſe AC* — BC*'= 


KBC = ABxXDFb = ABx AB—2BD< 


© Cor. to AB —ABx2BD*®, to the firſt and laſt. of 


4 2. 


Ac BC +AB*—ABx2BD*, 


theſe equal Quantities, let BC“ be added, and then 


SSH 


THEOREM X. 


* any plane Triangle A B C, where the Perpendicn- 
' lar CD falls without the Triangle, the Rectangle con- 
tained under the Sum and Difference of the Sides AC, 


BC is equal to the Rectangle contained under the whole 


Baſe AB and twice the Diſtance E Def the — | 


 Aicular from the Ade of the Baſe. 


equal to BD. Be. 
cauſe AC*=AD* 
Dc and BC? 
 iSBD* FDC 23, 
thence will AC? 
| —BC? 


=>: D 


In BA FAY | 
let AF be taken 


2 Fc 4 = 


[39] 
—BC*=AD* —BD* *; but Ac — BC* = 8 
 FTFBCx AT=RC* and AD* - BD = © © 


AD+BD x AD— BD © = FD xAB*=2ED: xe, . 
* AB; therefore ATX anger =f Ax.1.1. 


Met ant. 2 E. D. 


TA oA XI. 


The Square of the Side AC, ſubtending the _— 
Angle B of a Triangle ABC, is equal to the Sum of 
* Squares of the other & ides AB and B C, together 
-with a double Rectangle under the whole Baſe A 5 and 
-the Diftance B D of the Perpendicular from the Lc 
Angie: (See the preceding Figure.) 


For, AC. = AD*+DC** = AB» DD 
+2AB x BDT DC- = AB* TCA N 
* BD. 2 E. D. | 2. 2. and 


AX. 4. i. 
r XII. 


Tbe double of the Square of the Line 0 E, drawn *© 
From the Vertex to the Middle of the Baſe of any Tri- 
angle AB C, together with twice the Square of the 
Semi-baſe AE (or BE), is * to the Squares * bath 
the two Sides AC, BC. 


| For let CD be perpendi- 
cular to AB: Then AC? = : 
AE +EC* +2 AE x 
ED: and BC* = BE 
(AE?) EC —2BE 
(2 AE) x ED“; whence, 
by adding together theſe e- 
qual Quantities, we have 
AC* +BC'= 2AE* +2 EC- ; 2 K D. 
M4 THeoReM 
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. The Diagatals 4 c BD of a 3 AB CD 
biſeft each other; and the Sum of their Squares is 
ual to the Sum of the Squares of all the four Sides of 


the Parallelogram.” M 5 


The Triangles AEB, 
c DEC beingequiangu- 
lar , and having AB 
| * =DC> ,will alſo have 
n AE CE and BE 
c 20. 1. A þ N DE <, Moreover, be- 
cauſe 2 AE? "2 ED* 
= =AD* DC- and 2 AE* +2 E. =ZC* 
412.2, FAB, therefore AD*+DC2+ BC. AB 
* Ax, or. AE 4ED** =AC*FBD**. Which 
or. to was to be . 
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NY Right- 
line FD, paſs- 
ing thro'. E 
Ws the Center of A 
a Circle and terminating . E 
in the Circumference at F 
both Ends, is called a Di- 
ameter. „ „„ 
2. An Arch of a Cir- . 
cle is any Portion of the G 


Periphery or Circumference, as Ac B. 
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« 
5 7 * * 


| | 3. The 


F 2 0 La ar = > iP OW 
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Ron, __ . 
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1 Prin YP * 
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2 OG * "Ep 
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. The Chord « or e of an | Arch Ach is 
5 8 AB; Joining the two Extremes of that 


4. A Semicircle is a Figure contained under any 


Diameter and the Part of the Circumference cut off 


by that Diameter. 


hended by two Right- lines BA, B C, including an 


8 


5. A Segment of a Circle is a Fix contained 
under an Arch ACB and its Chord AB. 

6. A Sector of a Circle is a Figure contained 
under two Right-lines EF, EG, drawn from the 
Center to the Circumference, and the Arch FG 
included betwirt them. 


= 7. An 4 ABC 


is ſaid to be in a Seg- 


when, being in the 
Periphery thereof, the 
Right-lines BA, BC by 
which it 1s formed, paſs 
through the Extremes 


1 55 of the Baſe, or Subtenſe 


AC of that Segment. 
8. An Ras ABC in the Periphery, compre- 


Arch of the Circle A DC; - IS ſaid to ſtand 9 7 25 
that Arch. 


f { 


1 A Right line "ry meet- 
ing the Periphery of a Circle 
in any Point C, and making 
Right- angles with the Radius 
/ EC drawn to that Point, is 
ſaid to touch the Circle. : 


ment of a Circle ABC, 


4 = | 10. Two 


oy 
"34 


þ 43 


1 431 


10. | Two Clicles PC O. RCS are ſaid to touch 
each other, when the Right- line AB touching one 


of them at the Point of Concourſe C, alſo touches 


the other in the ſame Point. 
11. Two Circles are ſaid to cut one ava.” 
when they fall partly within, and partly without 
each other. 
132. A Right-line is faid to be applied, or in- 
ſeribed in a Circle when both 1 its Extremes are in 
the e thereof. i 
A right-lined Figure is ia to be inſcribed 
in a ny ur when all its Angles are in the Circum- 
ference of the Circle. 
14. A Circle is ſaid to be detkrbed aha 2 
right-lined Figure when the Periphery of the Circle 
| Paſſes through all the Angles of that Figure. 
15. A right-lined Figure'is ſaid to be deſcribed 


about a Circle, when all the Sides thereof touch 5 


the Circle. 

16. A Circle is ſaid tobe inſcribed in a right- 
lined Figure, when the Periphery thereof wean 
all the Sides of the Wee Figure. 
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17. A right: lined Figure is ſaid to be inſcribed 


in a right-lined Figure, when all the Angles of 
the former are ſituate 1 in the Sides of the latter. 


2 
* 


T 1 E 0 R E + : 
Me 83 B D which cuts any rf AC at 
R wes alſo biſects it. 


For, from the "EP E 
draw AE and E C; then 
| becauſetheright-angled Tri- 
angles AE F, CEF. have 
the ſame Perpendicular FE, 
and equal Hypothenuſes AE. 
and EC, their Baſes AF 
__- ad CP will alſo be: equal r. 
IG Was 10 be r 
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* E E OR E . 
In any Circle ABED, Right-lnes chap » E. ah 
At tant Kr the Center O, are equal to each ther, : | 


| . ä E. Let the Perpendiculirs OF, 
Rs | OC be drawn, and Jet O, D 

and O, A be joined. "Becauſe f 
OF OC, OD=OA , F 
and F and Care both Ri, he- f 

angles , therefore is D f 
AC«, and conſequently DE 
5 2 5 PANS n 
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N THEOREM 
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Ax {334 37 


In a Circle 4 E F . 2 greateſt. 1 4 B is "bs 
Diameter; aud, of all others, 7 CD which is neareſt 


the 4 is ag Than N other E F, further 
1 om _ 


; Ml 00 ha OD 
1 en it! r hit 
8. 00705 c D. 


OP be the Diſ. C 5 
5 Jn 8 — 


rane'"of C 2 Ok the 5 


hat of 

n in che. 
ſame adius OR, draw 425 | 
OE and OF. Becauſe the | 
. Triangles DO C, O FE, have two \Sides A each d REN | 
to each Þ and have the contained Angle DOC Y * 
the contained Angle FOE, therefore alſo will Ae 
the Baſe DC be greater than the Baſe FE *, and 418. 1 
conſe ly. greater, than any other Right. line at 
the the fame ihre with E EF. 2 E. B 5. If Ee 


* 4 ai 


* 


Cena 5 
e a Right le greater than the Diameter, 
| drawn from any Point within a Circle, cuts the 8 
Circumference; and if any Part. of a Right-line, 
falling within a Circle, be infinitely produced both 
Ways, it will cut the Circumference 1 in two Points. 


oh ne} 1 hs ah 'T HB O:RyF M W. 


111 or; «Cir 


= 70 the Cir N if a Girele 4Þ E 3 0 be 

any-Point D fa ts, nat the Center, Right-lines DA, 
D DEDE be drawn, e of all 54 ſhall 15 | 
4 


5 


61 
that which paſſes mn the Center C; and, of the 


reſt, that DF which is neareft tbe greateſt D A ſpall 
exceed any other DE at a greater Diſtance from it. 


From the Center C let ct held c F be RE 


6 Def. 29 1 Aber -> 
= 2. Since DC is common, CF CE and 
. DC F "i DCE*, therefore is DEF DE« 
© Def. 9. E - 

e Ax. 1 
* | Ry OOTY 7 nay 


he4cauſe 1 no two Lines on the ſame Side the Dia- 
*4:3- meter AB can be equal to each other , it is plain 


that three equal Right: lines cannot poſſibly De - 


drawn from the Periphery to any Point beſides the 


Center of the Circle : And therefore, if from a 


Point in any Circle three equal Right- lines can be 
drawn to the Vr that Point is $ the Center 
of the Circle. : | 


\ 


' Cornottary S -: 


8 it alfo follows that no Circle can be de- 
ſcribed; to cut or touch another F BG in more 
Points than two: For, if it were poſlible to cut it 


in three Points G, E, F, then Right-lines drawn 


from the Center Q, to thoſe Points would be all 


gs, | | 3 | 


Oo nl DG or ̃ é é ae 
. 


by 2 =_— Cas + 
2 Ws 1 — I 


5 


. 8 —— 
8 23 
eee 


22 1 „ — 
. 2 Po < * * 5 


11 


equal b, which is ſhewn to be ;mpoſible e e, unleſs? Def. 2g, 


when the Centers C and Q coincide, and then i it is .. 


in the Circles themſelves would neither cut nor- 
touch but alſo coincide or become one Circle b. 


THEOREM V. 


The 7 angent F. AD, to: am Point 4 off « a Circle ZE, 
falls wwholl D ibu. * e 


"Trane any Point in the 
Tangent to the Center E, 
let BE be drawn and join 
E, A. Becauſe EA is per- 
pendicular to AB , it is 
therefore leſs than EB 
and ſo the Point B falls 
above the Circle e. And 


as the like may be inferred with mar to any © 
Point in FD (except A) it is mamifeſt that the 


Or. 1. 
to 4. 3. 


2»*“„ 3 


Tangent F D does not cut off any Part of the Cir- 


cle, but only touch its — in ber Point A. 
2 a to be LEI 


T 1 HE cvs 1 M VI 881 


Two' Circles A, B touching | one another — 


fall wholly wwithout: each other ; aud the two Radii © 


of Comtatt C, make one continued-Right-line AC B. 


a I « b 7 - * A a 
7 8 | p , T F ＋ 
21 4 * 7 * % 411 1 1 . 8 * 


AC BC, drawn, from their Centers A,B to the Point 


48 J 


Circles at C the Point of Con- 
tact a. The Circle A falling 
wholly below, and the Circle 
B wholly above DCE (by the 
ecedent), it is manifeſt that 


oh Rightangles Þ b, ACB will be 
one continyed Night line 5 5 5 D. 


1 Co AR v. 


6 
8 E 
13 
* * 
„ 
4 


1 2 Right Ine jalning the dae of two 
7 87 Circles, touching each other re pores: They” 
eden Wie Point.of Contact. nf 3 9 55 


Bln 4 
1 


"> JI} C: 


1 E 0 * * * vn. 
ow #ww0- hr ger Curler A E, AF, ra hath anne 


imardly, the leſſer A E-woill fall wholly within the 


greater AF; and a Right-line CA drawn from the 


Center C of the greater io the Point 2 Contact A will 


- paſs thro* rhe Center of abe iger. 11 


Wann ere Let PAE be: the” common 


8 Tangent =; and from D the 


any Point E. in the Periphery 
thereof, let DE be drawn; 
and join C, E and D, A. The 
Angles PAD, PAC being 


coincide ©, and ſo the Point D 


Let the Right. line DCE b | 
the common T angent to bath 


they fall wholly without each 
other. Moreover, the An- 
gles ACD, BCD being both 


* | 'E F Center of. the leſſer Circle, to 


both right b, AD and AC 
falls 


bY WH i 4g” SP T4 


2 SP 2 0  $3'F OY 


vv W 


the Circle AF®, & E. BD. 


2 


to the Angle BAC at the Periphery, when both Angles 


6b WOUR A vw 


„ TH] 
falls in the Line AC 4. Moreover CA is greater Ax. 2. 7: 
than CE ©; and therefore the Point E falls within * 4: 3- 


ef. 29. 
and Ax. 2, 
of 1, 


, THEOREM VIII. 


F the Diſtance of the Centers F, G of two Circles 
DL, MH be leſs than the Sum, and greater than the 
Difference of their Semidiameters FL, G M, thoſe 


Circles will cut each other. 


For, let FG, produced both Ways, meet the 
Peripheries of the two Circles in the Points D, L, 


M,H a. Becauſe FGAFL+GMb, if GM, Cor. to 
common, be taken away, there will remain FM=a ? BY. 
FL <<; whence it is manifeſt that the Point M falls e Ax. 6. 1. 


within the Circle DL. Moreover, becauſe FG = Ax. 2z. 1. 
F.L—GM Þ, if GM be added, then will FG. 
GM (FG-+GH) FH be alſo c FL e, and fo 

the Point H fall without the Circle DL d. There- 

fore, ſeeing the Point M falls within, and the Point 


H without the Circle PL, the two Circles cut each 


other ©, After the ſame Manner the Propoſition 


* 


may be proved in any other Caſe. E. D. 30 


THzoREM IX. 


ſtand upon the ſame Arch B C. 


Let the Diameter ADE be drawn. 

In the firſt Caſe, BDC=A +C®* 2A b. 
In the ſecond and third Caſes, BDE =2 BAE 
and CDE =2 CAE, by the preceding Caſe ; there- 
fore, by adding in the former and ſubtracting in 
the latter, BD C= 2 BAC. Which was to be 
demonſtrated. 


COROLLARY. 


Hence, all the Angles 
A, D, F, ſtanding upon the 
ſame Arch of a Circle B C, 
are equal among themſelves, 
being each of them equal 
to half the Angle E at the 
Center. 5 


THEOREM KX. 

Angles D, G, in the Periphery, and ſtanding upon 
equal Subtenſes AB, E F of Circles AD B, EG F whoſe 
' Diameters are equal, are equal to each other. And the 
Subtenſes of equal Angles, in the Peripheries of Circles 
|  tohoſe Diameters are equal, are alſo equal. 


in 


be 


be drawn. 
therefore is Acb BCD / 


angles one Right - an- 
gle. Which was to be de- 


1! 1 511 


> 
« 
A 


From the Centers P, and Q te let PA, PB, Qs, 
QF be drawn. © 

1. Hyp. Since AB=EF * and AP=BPb = =, 
EQ=FQ*; therefore is PS Qs and conſe- 9 
quently D (=+ EG. | 21 
2. Hyp. Becauſe D 8 therefore P = Q*;* 9.3. 


whence, P A being = QE, and PB = QF», Ax. 9.1 1. 


AB will alſo be = EF. XE. b. 
oY ra XI. 
The Ange A C B in a Semicircle is a Right angle. 
Let the Diameter CDE . 


Becauſe ACD=+ ADE | 
and BCD = « BDE, 


(ACB) 2 ADE += 
BDE = two Right- 


— 


E 2 THxoREM 


L 52] 
TAHEZOREM XII. 


The vertical Angle ABC, of any oblique-angled Tri- 
angle AJC inſcribed in a Circle ABC D, ts greater, 
or leſs than a Right-angle, by the Angle CAD com- 
prehended under the Baſe AC and the Diameter AD 
drawn from either Extremity of the Baſe. 


i = 


7 oY BD being drawn, A BD will be a Right- 
271. 3. 1 and alſoC AD=CBD Þ; therefore, in the 
Cor. to firſt Caſe, ABC = Right angle + CAD, and in 

2e, the ſecond, ABC Right angle —C AD ©. Which 


my was to be demonſtrated J 
TAT ON XIII. | - 
be oppoſite Angles A BC, A DC of any  feur-fded b 
Figure AB CD inſcribed in a Circle, are * 
l to to two Right-angles. s [71 
. Draw tlie Diameter BF, 1 
LS E and join A, F and C. E. | | { 
'D Becauſe the An gles BAF | 2 
and BCF are back Right- | | ſ 
F ones , therefore AB C and ; C 
AFC 'are equal to -two * {| g 
Right- angles d; but ADC d 
0 AF Ce; ; therefore ABC 2 
TA DC= 2 Right-an les a. 


Cool - 


by the infinite Per- g 
; 2 4185 DG and 


lars, I ſay, will inter- 


(eee 


the Angles G 


A 
Co ROLLARY I. 


Hence, if one Side of a Quadrilateral, inſcribet 
in a Circle, be produced, the external Angle EDA 
will be equal to the internal oppoſite Angle ABC: : 
For ABC + ADC = 2 Right- angles = EDA 13. 3. 
＋ADC ;; therefore ABC EDA . * N 
1 A. 5. 1. 


 CoRoLLARY 2. 


| Hence, it alſo appears that no oblique-angled 
Parallelogram can be circumſcribed by a Circle, be- 


_ cauſe, its oppoſite Angles, being equal to each 
other, are either leſs or greater than two Right-> 23, 1; 


TAuEORRN NM XIV. 


Tra any three Points A. B, C, not in the ſame 
Right-line, the Circumference of a, Gircle' may be de. 


: 


ſcribed. | 
Draw AB and BC, | | 8 
which let be biſecteecdcdl 0E 


Theſe Perpendicu- 


ſect each other, and 
the Point of Inter- 
ſection O will be the 
Center of the Circle. 
Fat, if DE be 


drawn, it is plain, 


on, 
* 


E, HED are leſs than 2 Right-*Ax.2. 15 
angles à; therefore the Lines DG, E H, being not Cor. 2. 


| a to 8. 1. 
parallel b, will meet each other ©: Wherefore, e 48. 1. 


E 3 PR if 


4 Conſtr. 


* Ax. 7. 1. 
f Ax. 9. 1. 


Ax. 1. 1. 
Def. to 
29. 1, 


teral 480 be equal to two Rig bi- — a TO = 


1 541 


if from the Point of Interſection O, the Right- 
lines OA, OB, OC be now drawn, che Trian les 


ADO, BDO, having 2 Sides equal each to eac 
and the Angles ADO, BD O contained by 1 
alſo equal *, will likewiſe have AOS BO: After 
the very ſame Manner is CO=BO; therefore AO 
=BO=CO®: Whence a Circle deſcribed upon 
the Center O, at the Diſtance of A O, will alſo paſs 
thro? B and D *. VN E. D. 1 


con Anu. 


Hence, and from Corol. 2 to Theorem 4, it ap- 8 
— that a Perpendicular to the Middle of any 


btenſe n thro! the Center of the Circle. 
| TM H * 0 R 2 N xv. 
If 1 the oppoſite Angles BAD, BCD of a Quadrila- 
may be &ſcribed about that Ruaarilater 


Circle will paſs thro' any three 


. 25 PoVints B, C, D, (by the precedent.) 


| But, if you deny that it paſſes 
F | thro* A, then thro* the Center 
wy O, let OAF be drawn, and let 


FA — it (if poſſible) paſs thro* ſome 
. D other Point F in = Line OAF, 


(for! it muſt cut this Line ſome- 


where 7) alſo let BF and DF be drawn. Becauſe 
BFD + BCD = 2 Right-angles * = BAD — 
BOC b, therefore muſt BFD SBA De: Which is 

S ' impoſible *. . Therefore the Circumference of the 


Circle alſo * thro A. bh E. D. 


Turonzx - 


2X c For the Circumbentrics of a 


. „ 
a Li 
BS \” ST TY ” <2 SS 8_ © as A. a +» 


+ 


of twd Ripht-lines AB, CD, terminated by the Pe- 
Tibbery- on both Sides, cut each other within the Circle, 
the Rectangle AP x BP, contained under the Parts of = 
be one, will be equal to tbe — e X EY com . 
art wade ihe rakes hs the e 895 ; 


po ris So i one 1 to Lines 
hes the Center O: Then let — a per- 
pendicular to the other CD, and let O, C be Joined, 
Becauſe DSQ, therefore QC —QP=azr.s. 
'D Pb. But it is dem̃nſtrated ( $52.) that the A N 1 
Rectangle, under the Sum and Difference of the wvw o 
Sides of a Triangle, is equal to the Rectangle un- „ 
der the whole Baſe and the Difference of its two 


Segments; therefore the Rectangle under OCH OP 
(AP) and OC'—OP {BP)-is equal to the Rect- 
aangle under CP and C PQ(DP);that AP 5 
N x BÞP=CP xDP. | pas 5 ” 
| | Cask 2. If neither of the two Lines pals thee e By 
1 the Center: Let the Diameter EPF be drang 
then, by the preceding Caſe, AP x BP = F.P*EER - 
ran Ea E. D. | "SY 


. K®s 


E 4ksð 1 


1 560 


n em XVII. 


I from amy two. Points A and C, in the Circumfe- 

| 1 Circle, two Riz ebe Hues A P, CP be draton to 
paſs tbro', and meet ln, the Ci rele, the Rellangle 
APN BP, contained under the Whole aud the external 
Part of the one, will be equal: to ibe Rectangle CP x 
DP contained under the Whole and the external Part 
of 7 the other. — no 64 | 


> n the N O 
let the Right-line PF be 
drawn, meeting the Cir- 

- 3 in 1 E. xd F; 


ſe O * 
be joined 


fl 
U ; 
| 1 
1 
8 
1 


Then, * 8. 2. the 
Rectangle, contained un- 


der POFOA (PF) and 
P Ei he 


82 1310 


by: 50 Rectangle contained under, AP and PQ— AQ | 4 
s. l. (PB); that is, PF PES AP.xPB. After the 1 
© Ax. To . EP: Th here. : 
© lnAPaBE=CPADPS AD 


51 7 Conopraty. 20 


„ 2:5 if PS be a Tangent at d, t the Radjin 
4 Cor. to Qg be dr be drawn; chen ps? — = 


oY 
_ 
2 
— 
2 
4 
= 

* 


3 «44. 


— =P: 55 6. — : 42 2 > *. 


* 


1 * + * 


Taka 


„ 
niet Ruf u E 0 * 1 * um. 


5 eee Si * taken all Ab 


\ \ ITY | 
4 2 8 42 Th - * Sg bd a > 


eg uia 
| cles, contained under i 


2 r 11 bk 
fernatch,” are LU 
. EY > 
| | 5 e 


* 
% 
1 " 
LD. 8 7 * 
5 * 
24 — 
1 
* + — 
* 
x * 7 2 
* ** 
3. 
CD 
LN N 
8 bs 
1 r * 
£4.43 + 64% 
+ 
« * * 


Thät is, if A=D,B= n and tw then will 
AB x DF= AC» DE. 1 
For, in BA produced let AF! den BFE 14.3. 
and ler E.FCB be the Circumferefce 805 Cirgle* n 
g thro the three Points B, C, Fe, and meet-? Cor to 
ing CA produced in E“; alſo let E. F be oir eck. 9. 3. „ 
Becauſe the Angle AEP=B<*= DEF-, ind? Hyp. _.- 
EAF = BA Ce, alſo AF = DE, thence js AE, ,. 
= DE *; , IH 


. bd 2. 


=AB&AF)=ABx DF" 2. E 261 | 16.3. 


* 7 
p N 
1 


2 
2 * 


r. PRE | 
F « KS $& 41151 $-4%. 4 . 137 7 2 1 
* + * n ' . = 


x 
* 
* 


Ke: ＋ 1 * O * * "I de HT ya). 3 3D 


j . 
+”. $5 0/4 | 5g 
oy 


* 2 
2 X- 1 


i REF 
22 
« 


> 


| Y "The ReBanghs, an- the two Sides: AC;BC of 4 ada | 

= Triangle ABC, is equal to the | Refiangle under the BE 
Perpendicular CD, au the Diameter CE-of the-<cir-.. | 
 cunſeriding OAT. Y 5 ag „ 


* + * 


{581 Et 


. 1 ©, 
. I , a 0 2 


„% 3 be equal , and ADCand 
| ? yp. A B EB both Right-angles?, 
and 11, 3. and conſequently the Tri- 
: angles ACD, ECB equi- 
© Cor. 3. angular : Therefore AC; 
to 10. 1. E ; CD, CB being Sides 
oppoſed to equal Angles, 
.- the Reftangles ACxCB, 
216. 3. ECxCD vie under t them will alſo be equal *. 
Q, E. D. & f Jp Ba As: 


4 


fan 0 1 l K*. 1 


a ls the Right-link CD Hina um A. 
oe C of a 7. 15 ABC, and —_— the op- 
pafite Side e, with the Rectanglt ADx BD 

under the two Segments of that Side, 45 equal to the 


3 of the Sides 2 the propaſed Angle. 


in ni Let ACE be the Cir- 
| ä cumference of a Circle 


1 K the ſaid Erumſeretoin 


» Caro Pn are 1 — ACE is equal DCB 


(by Hypotheſis), therefore the: Triangles AEC. 


"Cor, 2 . DC are cquiangular , whereof AC, D; CE,CB 
418. 3. are correſponding Sides: Therefore AC CB = 


721... CDX CES CDxCD +DE=CD* +CD 


ABEC D ADD. QED. 


. 5 Toa. 


For, B, E being joined 5 
8 Angles A and E. wil 


FIN 8 1 a. * 3 5 Rr Ip. 


2 1 2 AcCBE paſſing thro the 
9 5543 ieee 
. let CD, produced; meet 


E; alſo let the Subtenſe 


r 


n 8 


Quadrilateral ABCD inſcribed in a Circle, is equal 
| under the oppoſite Sites, 
the Angle CBF = ABD, 
and meeting ACinF. 


—ADBa, and CBF ABD”, 
the Triangles CB F, DBA are 


Fs AB,BD;AF, DC being correſponding 


ſpectively added, and then AB xDC+=BCxAD:;,, and 


11 


.T HEOREM XXL, 
The R — of the two Diagonals A 0 B D of any 
zo the Sum of the two Rectangles AB x DC, 4D%B G 


Let B F be drawn, making 


Becauſe the Angle BCF |, 2 Cor. to 


. 
Conſtr. 
e Cor. 2. 
to 10. 1. 


418. 3. 
Ax. 4.1. 


equiangular c, and therefore, 
BC, BD; CF, A Dbeing cor- 
reſponding Sides, the Rect- 
angles BC x AD and BD x CF will be equal . 
Moreover, becauſe the Angle ABF = CBD 
and BAF = BDC, the Triangles ABF and 
BDC are, likewiſe, equiangular, and conſe- 


ides, AB DC SBD x AF 4; to which let the 
equal Quantities BCx AD and BD x CF be re- 


= BD x AF+BD x CF' = BD Ac f. 


Wn „„ 


De End of the THIRD BOOK. 
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Plane Geometry. 
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Bo ok IV. 


AT IO is the Proportion which 
one Magnitude: bears to another 
41 Magnitude of the ſame Kind, 
Wal with reſpe& to Quantity. 

The Meaſure, or Quantity of a 
Ratio is conceived by confidering 
what Part, or Parts the Magni- 
tude referr'ds called the Antecedent, 
75 - the other, to which it is 8 call d the Cone 


1 8 


r r 
9 * 


— 


2. Three 


n 


{ 6: ] 


2. Three Quantities, or Magnitudes A, B, C are A, B, c. 
faid to be proportional, when the Ratio of the firſt 2. 4. 8. 
A to the ſecond B, is the ſame as che Ratio of the 


ſecond B, to the third „ 


: : 


3. Four Quantities A, B, C, D are ſaid to be pro- A, B, c D. 
portional, when the Ratio of the firſt A to the 2. 4.5.10, 
ſecond B, is the ſame as the Ratio of the third C 
to the fourth D. 


To denote that four Duantities A, B, C, D are Pro- 
portional they are uſually wrote thus, A: B20: 
and read thus, as A is to B, ſo is C to D. But when 
three Quantities A, B, C are proportional, the middle one 
7s repeated, and they are wrote thus A: B:: B: C. 


4. Of three proportional Quantities, the middle 


one is ſaid to be a mean Proportional between the 
other two; and the laſt a third Proportional to the 
firſt and ſecond. 


of four bebe Quantities; the laſt is 
fad to be a fourth (Proportional to he other three, | 


-taken in Order. 1 


2 Quantities are ey to Al am propor- A, B. C. D, 
pom (or in continual Proportion) when the firſt is E. 


to the ſecond, as the ſecond to the third, as the 1.2. 4. 8. 
8 2 to the fourth, as the fourth t to OW 700g and 


= In a "Series, & or Rank of Gantt e 
proportional, the Ratio of the firſt and third is ſaid 
to be duplicate to that of the firſt and ſecond, and 


the Ratio of the firſt and fourth, triplicate to that 
of the firſt and ſecond. 


8. Similar (or like) right-lined Figures are fach 


which have all their Angles equal one to another 


reſ [pecuvely, 


„ 1 
reſpectively, and alſo the Sides about the equal 
* 1 | 


> 8 9 | | 
A. LE © Toa E 


Thus if the Angle A= D,B = = E, CP; alſo 
AC: AB: DF: BE. BA: BC:: ED: EE Cc. 


then the Figures AB C, DEF ave alike. 


Ax ro Ms. 


1. Quantities having the ſame Ratio to one and 
the ſame Quantity, or to equal Quancities, are e- 
qual _—_— themſelves. 

'2, Equal Quantities, have to one and the ime 
Cm the ſame Ratio. ß 
3. Quantities, to which one and the ſame Quan- 
uy has the ſame Ratio, are equal. 

. If two Quantities be referred to a third, chat 
is = greateſt which has the greateſt Ratio. — 

g. Ratios, equal to one and the ee are 
alſo equal one to the other. | 


Hence, if A: B:: C: D. ale CD:: E: * ne. 
which is the ſame, if the Ratio of A to B = the Ratio 
PE — the Ratio of E to F, then will the Ratio 

of Ato B= the Ratio f E 10 F, or A: B:. E: F. 
. ee when in two Ranks of proportional Quanti- 
ties, as A: B:: C: D and A: B:: C: E, the three firſt 
Terms are the ſame in both, the other two Terms D and 
E will be equal, by virtue of this, and the third Axiom, 

becauſe C has one and the . Ratio to them both, viz. 
that of 4 to B. 


Note, 


one Number M(Zz) to any other 


equal Parts whereof BD con- 


1631 


Note. Whenever, in any Demonſtration, you 


meet with ſeveral proportional Quaatiries, con- 


* continually by the Sign :: (like theſe, 


::C:D:;E:F::G:H) the Concluſion to 
tf r is always from the firſt and Jaſt of ye 20S 
two _ Ratios. | 


THEOREM I. 


7 riangles ACD, B C D and Parallelograms ADC. 
BDC, having the ſame Altitude, are to one another 


zn the ſame Ratio as their Baſes A 2 and B D. 


Let the Baſe AD be to the _ 5 3 
Baſe BD in the Ratio of any = — 2 


Number N (2,) or, which is the | ; 
ſame, let AD containM(3)ſuch |} 


tainsN (2.) Then the Triangles B 
ACp,pCq,BEr, &c. made ED TFA 


by drawing from the Points of 


Diyiſion to the Vertex C, will likewiſe be all equal 


among themſelves <. And the Triangle A CD will © Cor. 2. 
be to the Triangle BCD, as the Number of equal 2. 2. 


Parts in the former to the Number of equal Parts 
in the latter, or as the Number of Parts in AD to 
the Number of Parts in BD, that is, as AD to BD. 
Whence alſo, the Parallelograms ADCQ,BDCP, 
being the Doubles of their reſpective Triangles © are 
likewiſe as their Baſes AD and BD. V E. D* | 


* 
* by 
; 


80 nun. 


IF the Baſes AD and BD are . to 
each other, the Ratio of the Triangles cannot be other 
than that Fr their Baſes. | 


& | For, if poſſible, let the Tri- 
| angle BCD be to the Trian- 
gle ACD, not as BD to AD, 
5 but as ſome other Line DE 

/ (greater than BD) is to AD. 
E Let AN be a Part or Mea- 
FB D NA que of A D, leſs than BE, and 
let DF be that Multiple of 
AN which leaſt exceeds DB; alſo, let CE and 
Ax. 2. of CF be drawn b. It is manifeſt that the Point F 
1. falls between B and E, becauſe (by Hyp.) BF is leſs 
- than AN and AN leſs than BE. Moreover, the 
Ratio of DCF to ADC is the ſame as that of 

Pd to AD (by the precedent.) But the Ratio of 
cHyp. BCD to ACD (or f ED to A D, ) is c the 
Ax. 4. of Ratio of F D to AD 4, or of FCD to ACD; 
25 "Ax 4. of and conſequently BCD © FCD ©: Which is im- 

4: poſſible . BY the ſame Argument it will appear, 
fAx.2.of that the Triangle BCD cannot be to the Triangle 
1. AC, as a Line, leſs than BD, is to AD. There- 

x fore BCD: ACD: 5D: AD. Which was to be 
| * 8 


1 Nor if this Scholium- ſponld appear di al: t 

| he Beginner, it may not be amiſs if be entirely omits 

I ; fince it is only put down for the Sake of thoſe who 

3 may be ſcrupulous about the Buſineſs of Incommenſura- 

= - bles, to whom it may not be improper to obſerve, that 
nothing more is taken for granted here, than what im- 
 meaiately follows from the pi in 18 10th Boot 

| 15 Euclid's Elements. 


' TaxzoREM 


ee gg 
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Triangles ABC, D EP funding upon "equal. "Baſes, 
AB,DE are to ome Ueber as theiy Attitudes c H and 
4 7. | 


1 a 'H 1 5 
Lay BP be Perpendietlar to AB and equal o 


| CH, in which let there be taken BQ= FI, and 
5 let AP and AQ be drawn. 


The Triangle ABP is = ABC a and ABO oy: 37 
DEF =; but ABP (ABC) : ABQ (DEF)-57& 0 2 2 
e "BQ{FL) Which was to be demonfirated. 1. 4. 


TAN OR R 1 Il. 


If four Lines A, B, C, D are proportional, the Reft- 
angle Ax D contained under the two Extremes is equal 
to the. Reflangle B & C contained under the tivo Means. 
And, if the Rectangle Ax D: under the two Extremes 
be equal to the Rettangle Bx C under the two a 
ry "aff 9 four . Lines wee 3 1 


"i Hp b. BD f p . . 
5 whence 0 — 5 — => * a 


44 52 BN CI Ax. 2. of 


2. Hyp. A: B:: Ax D: Bx D!: Bx C. BDU 
7 S:. Which was to be demonſtrated. 1 
9282 F | THEOREM 


16] 


Tx EO REM: IV. 


Tf a Right-line B E be. drawn. . to one Side 
CD of a Triangle A C D, it will cut the other — 
Sides proportionally „ VIZ. AB: BC: AE. E D. 8 


one Number M (3) to any 
other Number N (2); or, 
K which is the ſame Thing, 
| N let AB contain M (3) ſuch 


equal Parts whereof BC 
contains N (2): Then, if 
0c. fk h 5 D from the Points of Divi- 

* G 5 ſion Right-lines FI, GK, 
i 5 c. be drawn parallel to 


2 side CD, * will alſo divide AE and DE 


cor. 1. into the ſame Number of equal Parts. And there- 
to 27. 1. fore AE will be to DE, as the Number of Parts 


in AE to the Number of Parts in DE, or as the 


Number of Parts in AB to the Number of Parts 
in BC, or n as AB to BC. 


ee 


Draw cb. and BD. 
© Then, the Triangles BEC, 


BE and 8 the ſame 
Parallels BE and CD; be- 
58 22 „it will be AB: 


Ao BEA: BED *) ; AE; 
ED 1 e 


4 7 89 * ; 
1 F. 1 


. ON be > . 3 
„ W * W „ W449 4 % # '# £ 


SF 
* ” 
q , . * a * 
- - ; W 2 l 
8 | OROL- 
„ 3 — 4 0 5 
NAA l | _ : 
{ . 


A Let ABbeto B 1 


En upon the ſame Baſe 


BEA» BEC,“ 8 


1 We n 8 


* 
3 
Fo. 
E> 
3 
* 
"= 
* 
5 : 
4] 
* 
5 
* 
bt 
0 
£ 


22e 8 


COROLLARY I. 


Hence, alſo, AC: AB:: A D: AE: A AC: 
Ab: AEC: AE ramen AEB :! AD: 
1 


CororLany 2, 


76 NG alſo appears that a Right-line which divides 
two Sides of a Triangle proportionally, muſt be 
f Parallel to the remaining Side. 7 


THEOREM V. 


The correſponding Sides of equiangular 75 riangles 
AB C, ADE are e fant AD: 3 5 


. 


- * a 
3 " 1 
| B A- , ; | 
* 


Al AB aka Ad=AD; ak in 'AC ike Ae! Hyp. 
AE, and draw de. The Triangles Ade, ADE, of © rag 9. 
having two Sides and the contained Angle, in the - 115 
one, equal to two Sides and the contained Angle, 4 . 
in the other e, will alſo have Ade 2 ADE ==9- 1 
ABC*; and ſo, de being parallel to BC *, it wills 18. 3. 
be AB: Ad (AD):: AC: Ae 8 85 by Coral. * 

to the precedent. 9. E. D. 


„„ Otherwiſe. 
8 AB AE = AD x AC 3 AB: 


AD:: Ac: AER. N. E. D. 5 
1 ö F 2. x : CoRoL= 


[68 } 


c Def. 8. 


* 


THEOREM VI. 


F two Triangles ABC, ADE (ſee the preceding 
Figure) have one Angle BAC equal to one Ang 
DAE, and the Sides about the equal dongle proportional, 


viz. AB: AD: e MG AE, ak are thoſe Triangles 


equiangular. 


. In AB take Ad=AD, - Jet de be parallel 
to 4. 4. to BC, meeting AC ine. 


b HypP. Becauſe AB: Ad (A D):: AC: Ae and AB: 


3 AD :: AC: AE,, therefore is Ae AE, and 
« Ax. 9. conſequently D = Ade: *=B >. and E=Aed : 
V E E. D. 


Ta Lonn Nn vn. 


if four Lines A, B, C, D be proportional, viz. 4: B 
200: — 1 will be fo alternately, viz, A: C2: B: D. 


lh ans FEE ::, 
5 1 therefore is Ax D=BxC*; 


* C — D—— | butA:C(:!AxD: :CxD 


. EF yy > BBXG1CxD2)36 


THrOReEM 


8 * 
LO IE 2 P 
4 Fg 2 £2 


Hence, equiangular Triangles are ſimilar to each 


le | 


b 


4 2 "DX 3 * 
2 GON CE 
* wn 


let two inde- A 
| finite Right- D 


6 v tt Ys 


t 
3 Ta H * 0 * E N vir. 
1 fi Lines 4B, B C, AD, D E be proper 


= 


Compoundedly, I B: A B+BC:: AD:AD+DE. 
Dividedly, AB: AB—BC:: AD: AD—DE. 
 Moxth, AB ＋ BC: 9 BC: ;AD+DE: 


 AD—DE. 


For. eon A. Looms = B 
n 


lines AP K 
be drawn, in $ 

which take AB _ ATE 
= AB, Bc © #> -- 


BC, Ec. alſo.take Be Bc, De=DE, and ws 


BD, CE and ce. | J 
Then, ſince AB: B C.:: AD: DE a, therefore pin 


is EC parallel to DB »;- whence, Be being = B Ce 
and De- DE, ec will alſo be parallel to DB 27.1, 


and therefore, by Coroll. 1. to Theor.” IV. © 
AB: AC(AB+ BOC) :: AD: AE(AD+DE). 
' AB:Ac(AB—BC):: AD:A&(AD—DE). 
AC(AB+BC):Ac(AB—BC) :: AE (AD 


＋ DE): Ae (AB>> — DE) . Which was to be de- 


monſtrated. 


« VP-? 


Sade wo | 
What is demonſtrated in the two laſt 1 7 


| concerning the Ratios of Lines, muſt, it is manifeſt, - 
hold equally true in the Ratios of any other Kind 
of Magnitudes or Quantities : Becauſe, let the 


. compared be of what Kind they will, 
„ Right | 


- ] 
Right lines may be aſſumed having the ſame Ratio; 
and, if the Ratios upon which the Cencluſiens de- 
nd be the ſame, the Concluſions themſelves muſt 
conſequently. be the ſame, whether thoſe Ratios are 
to be as ſubſtracted, e or i. © 6 


ran IK. 


6 © % % 


ſave —_— that is, 


„ > DIE 11 —_ B:iC 2 g 
8 — E: F Bog 7 
C —— 4— — — ben 766: E= 
0 7 e — x F: *: Dx 
R po . rr ih 80 
KT EI wy A: Bu: Tor bone⸗ 
8 DNG FERRY 
21.4. BX E: BX P (:: E: F.:: 6:%: DG. 
b Hyp. DA * ii 


Hax Dx. 2 Bx F DH. 


n D ſequently A E: BxF :2 Cx ; 
54 115 2 c eee 0 


"CororLary 1. 


1 the Squares upon four proportional 8 | 


are mo Rn 


4 


Conotiany 2. 


— . . Se So 
wa © 8 1 4 - 1 Pp" 5 


de” alſo, if four Squares. be 1 
(AR. 27 * Þ p there, rey A. B, * will be 


4 


Pro- 


* dende 40 eke. k 2585 


A. 


55 e by Equality, Ax E: Cx 81 BxF: 4 
con 


* 
' "> 
2, 
* 
. 
Wl 
: 
0 
2 
* 


bates. þ ed 


WWW 


proportional: For, let 15 B:: C: E, then, ſince· ax. 1 
A*:B* ::C*: E* (by eee Coroll.) there- and 5. 4. 
fore E. = D- . Ad con equently E=D *. * Cor. 24 


do 5. 2. 


Tn EOR EN KX. 


ANRbe ine CD B. ſcking any Angle A CB of a 

triangle A BG, and falling upon tle oppaſi ite Side AB, 
divides that Side into Segments A. D, BD, having 1. 
ame Ratio, as the Sides AC, CB f that A : 


go in AC produced take 
CE=BC and join B, E: 
Since CE=CB, there- ads, 
fore is E = EBC* — 1ͤ — 
ASB ACD ©} whence 1 
CD and E B are Parallels *, — 
and therefore AD: B Wa 
AC: (BC) CE *, SE D. 


Fon Xx. 


TY 4 rb ld 7 riangle AB E 4 INN cular 
C D let fall from the Right-angle C, pon the Hypothe- 
uuſe AB, will be a mean Proportions between the two 
Segment AD, BD of the Hypothenuſe : And each of the 
Sides including the Right-angle will be a mean Propor- 
tional between its adjacent Segment _ the * Hypo- 


thenuſe. 

For, FEA, AngleBDC a Ax. 7. 
=BCA 2, and B common, d Cor. 2. 
the Triangles BDC, BCA nun: 

* . 82 | 


are equiangular b. After the 1 Er 
ſame Manner are AD C, ol BE" — B 
ABC equiangular, and con- hog les 

Oy ACD equiangular to BCD «©: 
F 4” BL There- 


| [72] 
Therefore,” BD: CD: «CD: AD. 


by Theor. V. AB: BC:: BC: BD | 1277 


AB: AC: AC: A. 988 
8 Mich u was to be demonſtrated. « 910! 


CoroLtany, 
1 


the Peri hery of a Semicircle AC B, a Pe ndi- 
cular ch be let fall u n the Diameter K. and 
from the ſame Point C, to the Extremities of 95 
Diameter two Subtenſes CA, CB be drawn; the 


Rectangle under the two Segments of 8. Diame- 
ter; and the Square of each Suhtenſe equal to a 


Segment: For, becauſe of the above Proportions, 
| we: have CD*=BD AD, BC.  ABxBD and 
AC*= ABxAD (by Theorem _ 
T; HEOREM XII. 
F, in fi milar Tr riangles "ABC, EF G, fr m any wo 


5 


drawn making equal Angles with the homologous 5. ides 

CB, G; thoſe Right-lines will have the ſame Ratio as 

tbe "Sides AB, E F on which =o fall aud * * 
| divide ts Mn eee 


. For, fince the Triangles A PC, EHC, and 
8 BDC, FH (as well as the Wholes ABC ;EFG) 
* equiangular *, we, 
therefore is AB: EF (:: Ac: EG:: CD: GH 
AD: EH (:: DC: H):: BD: FH. 

„„ | __ FaroREW 


| Becauſe the Angle i in a Semi-circle-i is a Right- 
angle e, it follows that, if from, a 14 Point C, in 


= Square of that. Perpendicular will be e qual to a 


l 0 Rectangle under the whole Diameter and its adjacent : 


equal Angles A CB, EGF two Righs line CD. GH © 


3 
1 . 


4 
0 
0 
( 
5 


— 
"i as a. a> amok Good $$... 


| 10 which they we Pre e 


re 


CF © op $"Y Vogt” 5 vw 


conſequently EF: AB:: 5 


1231 
\Tuzonen XIII. 


„ M N 
I two Triangles ABC, ABD bave one Side 4B 


"common to'both, and from any Point H in that Side 


there. "beard to Lines HF, I & re, ei vely parallel 


: to ren of the remaining. Sides BC, BD fo'as to termi- 


nate in the other two Sides AC, AD; ; thoſe Eine HP, 
Ho will have the ſame Ratio as the Sides B 2 B D, 


* 
8 F *+ 4 


e v 
44 „ „ 
* 


Eor AB: AE: BO: 
HF- and AB: AH:: 05 
BB HG ; therefore, 7 
by Equality, BC: HF 

22B3D: HG 3 whence, al- 
ternately; BC: BD:: 
ITE} 27 SB. D. 


el $4 ay $64 
” & wy 


7 e e 3 
| Hence, it BC= =BD, then alſo will HF =HG: | 


112 


4 s ++ «#7 


2 4 
; \ 


i) 
by 


; Ta XIV. gels 
* Side ef) of © Square. E FIH i 


| Ss in a Triangle ABC, is 10 I Baſe of the Tri- 


angle AB, as the Perpendicular CD to _ Sum 8 the 
Baſe «nd "Perpendicular A Bt C D. 


For EF (PD): C P:: 
AB: CD's; therefore, - A 
compoundedly EFND” 

 AB:AB+CDÞ, and 


CP : ABCD. 
EEB 


7 A. BW: Bib 
0 . a THEOREM 


2 q 

** , * * * ＋ 

„ 6 ä 0 q 
; _ 4 = 
2 . 

4 15 
\ 8 V 4 45 

1 : 8 


Ii Mason 
Turo 75. | | 


. a FEET, ; 3 ly divided in C 5 3 

i produced there be-taken CO 40 AG as RC it 
CB, and upen O, as 4 Canter, at the Diftance,of OG, | 1 

2 Grcle GE be deſcribed," and two Lines A P, BP E 
ze drawn from A and B ic meet any where.im: the Pe- 8 


ripbery thereof ; thoſe Lins A, B P will be ate 
* in the . Ratio f A 0 to B C. 


1 ALLEY RadiusOP. 

"nes CO:AC:;BC; 

7 A C — CB, there 
fore, by Compoſition, = 
CO: AO:; BC: MB 
AC; wheard; alter - : 
nately, CO:BC::AO | 

AC,, and therefore, | 

dividedly, Co: BO: "AO: CO \ or PO: BO MF 2 

> A0: PO Wherefum „ſeeing the Sides about ö I 

4 the common Angle O, are proportional, the Tri- 

4. angles BOP, PO A are equiangular , and there- | 

4. fore their other Sides Alſo 7 proportional, that is PO | ; 
| (CO) AD:t PB: AP.; whence, by eres = 2 

BP: "AIG BC: AC. | 2 — D. . 5 5 


| 1 run xv1. 


Tf in a T Tiangle ABC, tird 7 any "Paine p, "Me 
©, Right-lines AR, B F, CD be drawn from the angular. 
Points, terminating in the oppoſite Sides, the Segments 

AD,BD of any vne Side A B, will be to each other 
as the Rectangles AFxCE, B ExCF under the Sg: 
mente vw the other Hae taken alernateh. 5 


Cy 4 2 6. 


58. * 


— mans 


" 


; Let 


bl 


Let CE” X © 31 11 Wan: 
to AB, and let AE and 6 T . 


N BF be produced to meet 
5 it in H and G. 
i It is manifeſt that the 
3 Triangles FBA,FE G; A 5 
5 SAS EHC; ARB, AE 7." 0 
GPH, are equiangular®. a 

Therefore AF: CF: AB: TG is; 5 4. 

und CEA REHCH AD ie 7 
; 8 APFxCE:CFxBE::ABxCH: CG7. 4 
3 x AB:: CH: CG; but CH: CG::AD: 59.51 gt 
- therefore, by Equality AF x . * 
„ AD: BD. LED | 
5 | con an 
op * i AD=3D, hon alſo will AFxCE 
* =CF x BE, and therefore 12 weeks) BE. CE. | 
t ho — 2 5 
. Tux 0K M. XV. 0 1 
Eg en be W EH Lo 10 one aus- | 
2 ther as the Squares AR, EM 0 Fi Lean Nau 
C G . i 

* * : £1 4] f 1 1 i = ? 122 
7 / b 55 
4 He M 


Upon AB and EF let fall the Patol | 
Gn and GH, and let the Diagonals BI, FL be 
drawn. 


. = FE; 1 Becauſe 


i 
42.4 


bt 


0 2. 2 


a Cor. 2. 
£0 10. 1. 
b 5. 4. 
c 1.4. 
2 Cor. 2. 
to 2.2. 


3.4. 


- 
| Becauſe ABC: ABI: CD: AI (AB) .:: E:“ 
E (EL) $EFG:EFL a'z/ therefore, alternately, 
ABC: EFG:: ABI:EFL*:t: AK: EM“ - Which 
was to be ane 29997: 


Tu ZEN 11 XVM. 


22 eee — „ 


7 two Triangles ABC, DEF. * one 4 
in the one, equal to one Angle D, in the other, thoſe 
Triangles will be ib each other in the Ratio of the 


5 Rectangles AB x AC, DEXDF contained _ 9 
© es RF the equal ws & - 5 5 


* Fa 
— ; = 
, ha 
6 * 7 


" 2 x $4 5 


omg 
* 8 bh 
+ 


* 
*% 


3 


oh 8 ow. . 0 27 N As F 


Upon AB hf PE let fall To 1 


CP and FQ. The Triangles A CP, DF, are 
equiangular a, c Fhorefore A AC: OP:: DF: EQ. 


But ACx A PAB C-: AC: CP<::DF: 


FQ: : DF x DE; EQ x DE <>; therefore, alter- 


nately, AC x AB: PF BE CP * AB: F 


„ DE:: the Triangle ABC: 3 DEF*. 8 


E. D. 
1 
Hence, if AC AB = DF x DE, r DE 


2:DF: AC S then will the two. T Wange be equal 
to each 0 8 | 


1 * 1 2 A + 11 
Türen 


Triangles BAE,GFK are equiangul 


E 
T n E OA E N XIX. 


Similar right-lined Figures A BGDE,FGHI K are 
to one a as the e of . N ug Sides. 


WY \ 
4 L E 6 1 1 7 A N 4 
, f , 7 


Draw BE, B D, G K, GI. | 
Becauſe A = F and AB: AE:: FG: FK 5 4 
ar b; there-b 6. 4. 
fore, if from AED= —FKI >, there be taken AEBe Ax. 6. of 
FRG, the Remainders BED, GKI will alſo be 
35 - "Wherefore, ſince ED : KI (ꝛ: EA: KF) 

EB: KG, the Triangles EBD, K GI are like- 


wiſe equiangular 5 d. And by reaſoning in the ſame 


Manner it will appear that DBG 18. are alſo 
equiangular. 1 
Now, becauſe ABE: FGK (: 'AE*: FR:: oy 
ED*:KI**):: EBD: KGI *, therefore, alter. 17. 5 
nately, ABE: EKBD:: FGK : KGT z whence, by * Cor. 
Compoſition, ABDE : EBD: .FGIK: KG, 094 


and, alternately, AB D E: FGIK::EBD : KCI. 


8 redver, becauſe ABDE : FGIK (:: EBD; 

I::ED*:K1*4::DC*:IH+ :: BBE: 
GH 4, therefore, alternately, ABDE:DBC:: 
FGIK: IGH; whence, again by Compoſition and 
Alternation, ABCDE: GHIK:: e 
(22 DC HH UEP TY KI): *AE*: FX", 2 bus 
&c, Which x pas to be e demonfrated. 2 

ALE N Tate 


„ 
Tn E O RE M XX. 


V four t-lines AB, CD, EF. GH be propor- 


onal the a lined Figures deferibed upon them, be- 


ing like, and in like Sort oy ſtuate, ſhall alſo be propor- 


217. 4. 
b Cor. 1. 


tg. 4. 


| a | ABC as many right-lined Figures CD 
and alike 45 be deſeribed, that C D upon the Hy- 


— 
For ABI: CDK (:: AB. CD. a: EF*: 


| +BC* AKE): :BE 
: BE+BF; but AB* :; 
: AC? :: BE: CD there- . / 


tional, viz. ABT: * 2 


7B E DFA 


GH* *)::EM:GO*®. SEP. 
ru o U XXI. 


i upon the three Sides of a | right 1 Tria ule 


pothenuſe A C, will be equal to 4 the FO 400 #6, 

B F taken e . 8117 

For AB*: RCV: BEE 5 e ; 
: BF a, therefore, com- . 


poundedly, AB*: AB* 


fore, the three firſt Terms DN. 7 ; 


. 2 two laſt Proportions A 


ec Ax. 3. 
and 5. 4. 


Lo , Brkke 


being, the ſame, the re- 
maining Terms muſt be 
equal, that is, BE BF 


1 


1 
1 


# 110 
* 


* * 


CD d gas 6 be Kube 
- The Bud of the FouzTH Book. 
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BOOK V. | 
f 1 S : 5 
i ny 2 I 
55 &f by ” 2 4 
1 5 Pg 3 } 
= n „„ 
0 * » þ 7 g ? : | 7 
ö PROBLEM I. | 
a : 1 . 
ROM the greater 
AB of two unequal C D 
Right-lines AB. © N 
to cut off, o/ take © 3 
away 4 Part AE equal to. E NE. 
| 5 tion ui — 3 
FPfomn the Center A 492 
with the Radus C D, let # [53013 
| ""'Y * „ | 
| * be 3 — 1 4 29 
& * "= "ns F * 2a Po 0 3 
} 53 Kin 8 «mono 23 RO _ 4: 
{ » © F - * . 75 1 
| 189 305 _— — 2 3. 3. 1 
e e eee 


8 | 8 | 2 188 
WE 201% | ROBLE + .QS 19% 


* * 


j - * — „ * 8 
8 688. os 
* i 9 * 
1 ; a i ;- 
j 4 + % 
Ws ; 
— 4 A 1 


1 8 


N. 
ve, 


4 a given Point A, to make a Right-line AB equal : 
to a gi ven 7 * D. 1 F v4 
a v0 0 * 


C — D 5 Draw the * 
2 Poſt. 1. A — F Right-line AF 
and 2. B from which take A 


bi. 5. way AB = CDi; e 


PROBLEM, = AKEK | 


To deferites a7; riangle whoſe free Sides hat bee EF : 


to three given Lines A, B, C; provided any two of them, 
taken together, be greater than the third. 


A 


e o 


S 1 


0s 


" — 
W — 
* A — N r 


* 


* . Make FG a B. 3 Ge rh 
v Poſt. 3. G, with the Intervals, or Diſtances A and C, k 
two Circles DKL, HKL be. deſcribed. by which. 
will cut each other; and, if from the Point of In- 
terſection K, the Right · lines K F and K G be draun, 
then will FKG be the Triangle required. Fo 
For (by Hyp,)-B+C © A, therefore B (FG) 
Ar. 6. 1. E A—Ce; but B (F G) 7a At C therefore 
= 7 87 the two Circles cut each other * : Conſeggenty \ 


ER FSB and KC 35 
* * Def: en : 14 


B ragnutory, AW: #7 pw 
* . 
— 


. * K . — 
r > Pur ate „„ 


k. FAIR © A, am a 


k, + & tk ec 4 109 IT A ho bkeb 


Po +. 


and upon AD (by the pre- 
cedent) let a Triangle be 1 +] 
conſtituted, whereof the F—— — 

Side DEA GC and the A | 5 Q 


F T8] 


PROBLEM IV. 


A At a given Point 4, in a given Right-line A9, 15 
make an Angle A equal to a given Angle B. 


Draw any Right-line GSC 
cutting the two Lines in- 


cluding the given Angle 
Gand C; take ADS B Gb, 


19˙1. 


Side AE BC; then alſo. will the + Ang A = 


Angle B.. Which was to be done. 


| Otherwiſe. | 


Upon the Centers A and 
B, at any Diſtance AD (BG) 
let two Circles GC, DR be 
deſcribed interſecting the 
given Lines in P, C and Gd; 
alſo upon D as a Center, 
with a Radius equal to the A- : 
Diſtance of the Points G | 5— 
and C *, let another Circle Bos of. 3. 
m En be deſcribed, cutting DR in E*; draw Fi 
AE; and the Thing is done. 

For, ſince the Subtenſes GC, DE are equal *; e Conſtr. 
the pR__ B and A which they ſubrend, wall alſo * N 


Ac s 
„ 


P44 * 4 | 
To Hikes or divide into two equal Paths, wy b 


nls lned dogle PAQ, 


152 
p in the Lines contain- 
„ ing the given Angle, 
take AC= AD, and 
E upon the Centers C and 


D, with any Radius or 
Interval greater than 


Theſe Circles will interſe& each other in ſome 


Point E<; and the Right-line AE joining the 


Points A and E will biſect the given Angle PAQ. 


For, let E,C and E,D be joined ; then becauſe 
ACS AD, CE=DE4 and AE common, 


therefore is CAE DAE =. 


PROBLEM VI. 


7 biſett a given Right-line A B. 


Y * 
* » x 


C Conſtr. 
d 19. 1. 


9. 


From the Centers A 


5 rf and B, with any Radius 
15 ; greater than half AB, 
A. M} | | 5 


| deſcribe two Circles D 
ts — NC, DMC, cutting 
| each other in the Points 


and the Thing is done. A e 
For, if AC, AD, BC and BD be drawn, the Tri- 
angles ACD, BCD will be mutually equilateral*; 
and conſequently the Angle ACE = the Angle 
BCE: Therefore, the Triangles ACE, BCE, 


haying AC BC, CE common, and the Angle 


AcE = BCE, will alſo have the Baſe AE= the 


Baſe BE. QE. D. T | n 
WET NF CoROL- 


Ly 


89 * 
gs" 
* „ 

- 


Q half the Diſtance of the 
Points C and D, let two 
Circles be deſcribed ®: 


C and DÞ; draw CD, | 
interſecting AB in E, 


0 


as aw T 


— 
0 


Hg 
7 - 


5 on either Side of A, 


AD, and from the 


SEQ WET P 


PQ, with a Ra- 
dius or Interval e- 


qual to the Diſ- 5 


cool Aan 


Hence, it is manifeſt; that CD not only biſcts f Ax. 9. 
A B, but is alſo bereut to it f. S 28 ef. 


P RO BL EM VII. 
A 6 4 given Point A, in a given au. P9, to 


erefl a Perpendicular. 


In the given Line, 


take any two equal ; 7 
Diftances A C and 
4% % 


Centers C and D, wititn 3 = 
any Interval greater P C A 1 
than AC (or AD) let 

two equal Circles be deſcribed b ; aaa each b Poſt: 3. 


other in Be; join A, B, and the Thing is done. <8. 3. 


For, let CB and DB be drawn; then the Tri-, Conſtr. | 


angles CAB,DAB being murually equilateral *, e i. op 6. 


w1ll alſo be murually equiangular *, and ſo CABeft. 
= DAB Da Right-angle . ©. E. D. 


Ot Ber wiſe. 


| F rom any Point 
D, not in the Line 


* A Poft. 3 


tance of the two — 5 
Points A and D, A * 3 7 


let a Circle be os | | . Poſt 1. 


ſcribed *, cutting PQ in A and E'*; draw the and 2. 
Right-line EDB ©, meeting the Periphery in Be; 
| G 2 


join 


1 641 
| join 4 B; then the Angle E AB, being in the 
#11. 3. Semi-circle EAB, is a Right-angle d. Which was 

to be done. 


PAR OBI A N VIII. 


From a given Point A, upon an infinite Right line 
P 2, zo let fall a TV 5 


From any Point C 


| in the Line PQ, thro' 
\ the given Point A, let 
D 


838 Bl 


the Circumference of 

—Q acircle ADE be de- 

Poſt! 3 | / | ſcribed „ interſecting 

Ss NN, 1, Qin D'; and from 

1 . the Center D, with a 
3 Radius or Interval e- 


» qual to the Diftance of the Points A and D, de- 
ſcribe another Circle m E n 2, cutting the former 
in E; then draw ABE for the Perpendicular re- 


"=" 


For, let AC 3 CE be drawn; then the Sub- 
tenſes of the Angles DCA, DCE being equal, by 
. Conſtruction, the Angles themſelves will be equal a; 
©" 29. therefore, ſince CA = =CE e, and CB common, the 
Ax. 9. Angle CBA is alſo = CBE. e and conſequently 
of 1. = AB perpendicular to PQ. 2 „ 


bo PROBLEM IX. 


Through a given Point A, to draw a Right line RS 
. to a ive Right line PQ: 


12 Take any Point Bin 
R A 22 28 the given Line, and 
„„ make BC equal to the 


V 5 A and Ba; and from 
„„ Oe — tde Centers A and C, 
T . * > Be with the. Radius BC, 
N let 


* P 


— 
Ce 
EIS ON * N 


N 
* 
K 
| 
* 
1 
by 
f 


Diſtance of the Points | 


P a. 


65 
let two Circles be deſcribed b: Theſe Cireles will P oft. 3 


cut each other in ſome Point D, and the Right- 
line RS drawn thro' D and A will be parallel to 


Let AB and AC be drawn ©: It is plain that; Poſt. 1. 
the two Circles will cut each other : 3 the 2 3. 
Sum of their Semi-diameters ( AB ＋ BC) is; * 
greater than A C f : Therefore, if A D and CD per - 1. 
alſo drawn; we ſhall have AB=BC=CD= DA, h 24. 1. 
and ſo RS will be parallel to A BoB, D. 


_ The ſome otherwiſe. 


From: . to any Point in PQ, draw AB =; ref. t 
== the Angle S ABSPBA b, and then AS. 4. 5. 
will be an to PQ. Which was to 2 be done. 


2 get PROBLEM X. 


Upon « a bin Right-line AB to deſcribe a _— 
ABCD.” 


Make AC perpendicular, 
and equal to A. B., and from 
the Centers B, C, let two Cir- 
cles, with the Radits ABor 
AC, be deſcribed 5 inter- 
ſecting each other in D: . 
From the Point of Interſecti- . A 
on draw DB and DC, ond; * 
Ie Thing is done. 3 
For, all the four Sides are e equal by ci et 
therefore the Figure is a Parallelogram *, and there-« . wx. 
fore, the Angle A being a e , the other ? Conſtr. 
three are all Right-angles . ED Cor. to 


23. 1. 


G 3 SCHOLIUM, 


: # Cor. 5 
to 27. 1. 


[36] 
sen 


By hi "Wes Method a Refangle may be de. 
ſcribed, the Sides thereof being given. | 


PROBLEM XI. 


To divide a given Right-line A 6 into ay propeſed 
Number of equal — 8 


Right-line AP 3, 
making any Angle 


in each of which 


taken as many equal 
Parts AM, MN, Ic. 


ds you would have 

AB d divided into e; Fas Ap Mm, Nn, &c, in- 
tetſecting. AB in E, F, Sc. and the Thing is done. 

For, MN and mn being equal and parallel a, 

FN will be parallel to E Me; and, in the fame 


„ © avg will GO be parallel to F N: Therefore, 


AM. MN, NO, Se. being all equal, by Con- 


ſtruction, it is manifeſt that. AE,EF, F G, "AY 
likewiſe _ f V E. D. 


p R 0 B L * M XII. 


AB, * 


5 From | 


N | Draw the infinite 5 
with AB; alfo draw 
B Q parallel to AP», 

Lines let there be 


Bo, on, &c. (of any 
Length at Pleaſure) 


To find a third Proportional to po given n Right in 


a n ts WIN, 


PPP 


1 n ap ob 


r 


„ AH ©, tv 


From any R | a a Poſt. +. 
A, draw two in- | 
finite Right-lines 
AP, A @-5, in 
which take Ab 
= ABD, Ac, 


adD =8C"; 


4 draw be, and 
Parallel to b c. 
draw DE. * cutting AQ in E; then cE will be 
. the third Proportional required: For A b (AB): 
* Ae (BC) :: bD (BC): E“. * was to be 
5 done. 
r | 5 
b. 5 | | 
h | P01 tl 
? = find @ fourth — to three given Dake 
a Vines AB, AC, BD. 
\ Having drawn AP | 
a; and A Q as in the A——B EQ 
n preceding Problem, A — Ga 
X take therein Ab= OO 
0 pv BB. aa: Sky. 
f bc , and parallel to ; mt, 
it, draw D E inter- A 2 
: ſecting AQ in E; | 


then is c E the fourth Proportional pee 
For Ab (AB): Ac (AC): b (BD) : E. 
Which was to be done. a 


PROBLEM XIV. 


| To fond a Mean proportional lauen 100 given 
| | | 9 AB, BC. 
4 864 Is 


2 
Pp LE En 8 % . 
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In the infinite Right- 
line AP take Ab = 
AB and b C=BC3; 
biſect AC in Eb, and 
from the Center E, at 
the Diſtance of EA 

| or (EC) let a Cirele 
ht” 2 an 2 7 Ab be deſcribed e; 


erect bD perpendicu- | 


ur to AC a cutting the Cirele in D; then will bD 


be the Mean-proportional required. 
For, Ab (AB): bD: :bD: be (BC). f, Which 


was to be done. 
PROBLEM KV; 
70 ere, 4 given Circle, a be Ine AB equal 


Zo am given Right-line CE, 1 than * Diameter of 
the Circle. 


y ip 
# +4 


the Circumference; with 
the Radius CE, let a Cirele 
mn be deſcribed *, > cutting 


wi * TY AB, * FR) done? 


PROBLEM XVI. 


P drew a Tangent to a Wor Circle 0 thro a 
given Point A. 


Casz 


1 «cc a dS 80ﬀÞv1Loce 


— E "Prem: any Phint FE in 


the given Circle in B'; draw 


perpendicular to A Cb'draw A B, which will touch 


RL CEO 


dicular to AB, alſo 


tween the given An- 


- a Poſt. 1. 
Cast 1, If the given Point be in the Circum-* Pet. 9. 
ference ; then, to the Center C, draw A Ca, and 3 


6. 6. 
Poſe 3. 


e e cx nn 
Casz 2. If the Point A be without the Circum- f g 1 


ference; then draw A C®, which biſect in P., and 8 11. 3. 
from the Center P, at the Diſtance of AP (or CP), 


let a Semi- circle AE C be deſcribed e, cutting the 


given Circle in E*; then draw AE, which will be 
the Tangent required ©: Becauſe (C E being drawn) 
AEC will be a Right: angle 8. 


PROBLEM XVI. 


Upon a given Right-line P2 to deſcribe the Segment 
of a Circle PE 2, to contain an Angle E equal to a 
given Angle B AC. | | 


Make AD perpen- 8 


7. f. 
make POO and PO, v 4. 5. 
each, equal to DA Cb oh 
(the Difference be- 5 


gle and a right one); X 
then upon the Point 
of Interſection O, as 


2 0 tance 


à Center, at the Dif- 


; 


_ 
Kg 


— Fro" 


4, 


li i 
[ 
j 
i 
' 


——— 


— r 
— 4 pg - . ag — 


—— 3 _- 
— ea \ =. o Figs 
r — ——ꝛ POS, > =. 
SN A > ys 
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3 1 — 827 7 — — — 3 "= pou 2 2 ho 
* ve , 4 L a 8 * 5 2 * 
N r 
—— \ oas Ln 


1 — —— ß— . K ry a 


=. 5 
© Poſt. 5 tance of OP (or OQ ), let a Circle be deſcribed C, 
412. 3. and the Thing is done. 
| frag 4.of For the Angle E = Right-angle + QPO1= 
BAD+DAC*=BAC". > 3 E. D. 


. 3. o 
1. 


a 


In the ſame Manner the Problem may be con- 
ſtructed, when the given Angle is acute; only the 


Lines PO, QO muſt then be drawn on the other 


Side of PQ, as is manifeſt from Theor. XII. of 3. 


5 P ROBIN XVIII. 
2 a . T1 e 4 B c to ele 4 cc. 


ted by two Perpendi- 
culars DPF and EF =; 

and they will interſe& 
each other in F, the 
Center of the required 
. 


scuor iu. 


By the * Method the — 4 of a 
Circle may be deſcribed thro* any three given 


Points, not ſituate in the ſame Right-line. Allo, 


from hence the Center of a Circle may be found, 
by 88 a Segment of the Circle _ 


'PRoOB L E M XIX. 
To s inſert 4 Circle in a given T: riangle ABC. 


s t Kiſe& 


777% nd ee ͤ 


5 1 11 0 Sides 5 
AB and AC be bifec- 


YA ef = Wh A ok, ws hy. 


0 


. a 


wo —ͤ— mum 
C ͤ apparent I” 
; * 


the Angles A and 
lines ADandBDa, 


© pn Dis this Dio 


Fine C in 
the Circum- 


each an An- P 5 Q 
Diameter CE 


J 91 


Biſect any two of 
B, by the Right- 


meeting each. o- 
ther in D®; make 
DE perpendicu- 
lar to ABC, then, 
if from the Cen- 


tance of DE, a Circle be deſcribed, it will ni. 4 


all the Sides of the Triangle. to 10. 1. 


For, let DG and DF be perpendicular to AC 


and BC“; then the Triangles ADE, A DG, 


having two Angles equal, each to each (by Con- 
ſtruction) and AD common, will not only be equi- 
angular a, but alſo have DES DG. By the ſamee 20. 1. 


Argument s.DE=DF; therefore the Circum- 


ference of the Circle alſo paſſes through G and F; f Def. 29. 
but it touches the Sides of the Friangle in those! + Def 

Points 8. becauſe G and F are Right-angles . of 5 ” 
VE. . | | No v Conftr. 


- — ens I 4 


PROBLEM XX. 
In a given Circle ACB, to deſexibs. a en — . 


angular to a given T; yagi P IM 


From any + 


ference, draw 
the Right- 
lines CA and 
CB, making 


gle with the 


© 
: HH 
"Wa 
: $ 4 
Fo 
Ly 
1 : 
a 
14 
Fi 
T 
1 
1 
bi 


— —— — nh potter, 


A + a 
wum gr mom 
: p== « 4 
ey 2 2 
— — — 5s i * 
was * 
* * d . — hs 
— n Kar 
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2 ** — as 
Logs 5 F : 1 
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* 0 
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* n war to « 
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11 „ 8 
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2 f. 8. and equal to half the Angle R ?, and- let the Points 
4» 5- A,B where they interſe& the Circle be joined ; 
4 10 make BAF = P 5, and let AF meet the Circum- 
9. 3: ference in F; draw BF, and then A BF will be 


the Triangle required. 
For, F=ACB*=R *, and BAF Pe; there- 


Cor. > fore the remaining Angles ABF and A e 


to 18 15 wiſe al 5 2 22 


PROBLEM XXI. 


Aout a. given Circle O to S's a 25 e equi- 
4 to a given 1238 AB C. 


Foſt. 2. Produce the Side A B both ways 3, and at the 
Center O, make the Angle POR=EBC and 


455 - POQ= Daene three Right-lines to touch 


the Circle in the Points P „Qand Re, and the Thing 
is done. 


Ax 2. 1. For, if PQ be drawn, the Angle SQP + the 


9. Angle SPQ will be leſs than 8 QO-ESPO (or 
fCor. 2. 2 Right-angles®); and ſo the Tangents HS and 
w8.1. TS will meet each other f; and therefore, as the 
88 8. like may be inferred with Regard to ST and HT, 
z Cor. 2. Fc. it is manifeſt that the three Tangents form a 


to 11. 1. Triangle STH. Therefore POR+T being = 


"IM 2 Right-angles "ABC EBC“, and BC. 


tile. HS. W 


the Diſtance of EA, 


ference in F and G; 


8 


EBC +; thence will T ABC. And, . 
ſame Argument 8. BAN whence alſo H = *.1 Ax. f. 1. 


ET. D. 


r XXII. 


27⁵ b divide a given Right-line A B, aha to ex- 
treme and mean Proportion; or ſo that the whole Line 
AB may be to one Part B Gy as that Part is to the re- 
maining Part AC. 


Make AF perpen- 


. | b 6. 5. 
dicular to AB, and | 5 * 2 — 2 


equal to + AB b, and 
from the Center E, at 


let a Circle be deſcrib- 
ed, and draw BEG, 


cutting the Circum- 


then make BC B F, 


and the Thing is done. 


ſince A B*= BGx BF<«, therefore AB: BG 
: BF: AB*; whence dividedly, AB:BF * 
: BF (B C): AC. 2 E. D 


The End of the FI r u Book. 
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Plane: Geometry 


ter O, at the Diſtance of 
E OA, or OE, let a Circle 


——C let CB produced meet 

» Cor. to the Circumference thereof in F ©; then a Square 

3-3 deſcribed on BF (by 10. 5.) will be equal to the 
given Rectangle (by Cor. 10 11. 4.) Which was to 
be done. 5 \- 


ProBLEM 


2. 3 38g S Sen g. . 


i Sous FL _ 
PROBLEM I. 
To make a ; Square equal to a glows Dingle 
AB CD. 
| In AB produced take 
a f. f. BE BC, biſet AE 
® 6.5. in Ob, and from the Cen- 


m3 DB OO 


| ; 1 85 AF E be deſcribed, and 


D 


— — 


[95] 


PROBLEM II, 


To make a Square * 70 any Number my given 


Squares. : 
Let AB, BC, CE be ꝙ⸗bw 

the Sides of the given A > Jn 

Squares. Draw two in- B 

finite Lines BP, BQ at C- © ; 

Right-angles to each o- 8 
ther; in which take BA c nd 

= BA, BCS BC and Eor. to 1 

join A,C: Then will AC? | 2. 
SAB. L BC“ Again, 5 TY 15 ene 


in the ſame Right: lines 
take BU=AC,BE—CE and join E, H: Then 
will EH* = BH*+BE*>=AC*+CE* c= 
: AB +BC? CEA Therefore a Square 
made upon EH (by 10. fl.) will be _ to the 
three given * Which was to be done. 


Pon III. 


No make a Square equal to tbe Difference 4 tv 
given Squares, | 


Let AB and BC be the 
Sides of the two given 
uares. Upon the Center 


B, with the Radius AB, let 

4 72 be deſcribed, and A 

make CE erpendicular to _ pO 
BC. 5 the Circum- | 5 SM 22.5. 
ference thereof in E b. Then is CE = BE b Cor. ts 


(AB*)— BC. Which was to 9 | pM 


2 „ PROBLEM 


[96] 
PROBLEM IV. 
we make a Triangle B CE equal to a @ given Val. 


lateral A BCD. | 5 
E 
\ 9. f. | Dia the Diagonal AC, 
| alſo draw DE parallel to — 
AC, meeting B A produ- I 
ced in E; then draw CE, f 
and the J. Bing is done. A 
For the Triangles ACD, Pe 
ACE, being upon the m 
1 185 ſame Baſe AC, and be- K 
d Cor. 1 tween the ſame Parallels Pe 
. 2. AC and ED, are equal bz therefore, if ABC be 1 
A. 4. i. added to each, then alſo will ABCD= BCE. ta 
PROBLEM V. be 
| To make a 7 riangle D H F equal to a s give fee Re 
fided Figure AB CDE. wy 

1 : | Draw DA and DB, 
_ < wed a6 © HH and : 
| CF parallel to them,, 1 
meeting AB produ- a” 
_ cedinH and F; then 12 
draw DH and DF, Per 
, VM NX and the Thing is done. ” tnal 
a A Swe le dici 
. 1 5 DEA DHA, equ 
to 2. 2. and DCB — DEB®; therefore AB CDE (DEA CD 
©Ax. 4 +DCB+ABD= PEE WT OI E 
and 1. 1. DH F. LES: F 
| ' PROBLEM | EH 
95 conf 


KN parallel "Hy - 2 0 — 0 5 


A b, interſecting K N in I; then in AB, produced} : : 


be the Rectangle required. 
Rectangles : Therefore IN BM EF, and d Def 23. 


| and Cor. f 
IO SLI: ABC , Q. X. D. RL Is 5 : 
; k. Dafte, ; 
The [Jas otheriviſe. — 9 
SEE 1 


make E H, perpen- AD B E F 


conſequently E F x E H= © APY x CD = ABC. 


971 
PROBLEM VI. 


Upon a given Right-lin ne EF, to make 4 Retlangle 
al 70 4 * Ti Triangle ABC. b 


Thie C d 7 


AB, and biſect 


> 29. 5. ö 
AB with the Per- „ 


| 

ndicular LOQ Þ | 8 ” - 
pony KNM 4 ZI S * o 7. f. 
K.; alſo, draw BP, 2 4 £ x” K . 


erpendicular to 


take BM= E F, and draw MI cutting LQin 
Q: alſo draw QO and MO, parallel to AM and 
LO, meeting each other in 0: Then will I NOP 


For, it is evident, that 1 10 and LO are all 
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„ E , DG . ö — dh: C I RI d Wo * | . 


Pen any Angle 
8 upon the oppoſite 
ide AB, let fall the 
Perpendicular TD; : 


to 2, 8. 


11. = 


8 ** 


n 


— AAS — 25D 2 - 
2 


S 


> i; 1 & 
Jn . - 
- E — * — 
A 3 ͤ—— 


dicular to EF, and | . 2135 45 
equal to a Fourch- proportional to 2 EF, AB. ande 
C De: Then the Rectangle EG contained under: G 
EF and EH vill be equal to the Triangle 8 . 

For, ſince, by Conſtruction, 2 EE: AB:: . 
EH, therefore is 2 EF * EH= AB x CD, j 2. 


*% 


E. P. H e Send 


TT. 


SCHOLIUM. 


4 
4 
By the Grſt of the two preceding Methods, a 4 
ſoar” having a given Angle, may be de- 4 
ſcribed, upon a given Line, equal to a given Tri- 
angle; if, inſtead of MBP, or MLQ, being  - 
- Right-angle, you make it equal to the Angle given: 
The reſt of the mas — 0 aa the 
N | | 27 
PROBLEM vn. 2 
e 
e a ; givin Right-line A B, to berths i a Retangle an; 
ou to a an mel Figure FREE aa 4H -- A 
ON 
b. VV L i nF E, 
| = 8 5 gure be divided in- on 
©: D to Triangles PR, "or 
|. | | 4:: PRS: And upon | = 
Mb —T b the proce-- 
| e E 7 and is a Rea. The 
angle ABD 3 equal to the Triangle P QR, be de- Diff 
ſcribed; alſo, upon CD, make the Rectangle N.. 
CD FE equal to the Triangle PRS: Then, alſo, | 
a Ax, So will ABFE (= PQR —+ OD 7275 == PQRS®. 
and A i. Me Was to be done. | Wy CO 2 
| SCHOLIUM. 5 | given 
When the Figure given has not more en five" 1 
Sides, the Conſtruction will be more eaſy, by firſt | U 
finding a Triangle equal to it (as in Prob. 4. and 5.) {cribe 
and then making a Rectangle equal to that Tri- AE 
angle. But if the propoſed Figure be a Rectangle, — - DF * 
the eaſieſt Way, of all, will be to take a Fourth- a Squ 
proportional B F to the given Line AB and the to tha 
two. Sides PQand PS of "af — Rectangle (by. and ib 


13. 


* 


— 
= 

* Wy An 
ay * 


ye TS ——— 
28 dab abr — 
r 


VF: 
he ts 
get 


Fw. | 
13. 5); ; which Fourth - proportional will be the 
Altitude of the Rectangle required. For, - ſince 
AB: PQ: : PS: BF (9 Conſtr.) theregory (by 3. +) 
AB x B . =P 2 P S. | „ 


'ProBL BM VIII. 


0 0 find the Sam, Difference, or Ratio, of ay h 
given e n A B N and P. 


, "** 
* 
2% Fr 
7 $1 
1 
b Th ** 
WE: | 
7. 4 
8 
CT 


By the prece- 
dent, let two Rect- 
angles AD and 
AF, reſpectively 
equal to AB N and 
P, be deſcribed. | 
on the ſame or dif- | | 1 
ferent Sides of ABB, E — { 
a according as the ; 
"M Difference, or Sum, of I two SY is required 
Then will the Rectangle CF expreſs Wat Sun 08. ©... 
Difference“; and AE: AC:: AF (P): AD (AB . 4 


tf 


E 
C | 
AY 


e Ne.) Which was to be _e 5 1 
), | DS 
2 Pp RO BL * N IX. gl 

25 e 0 Square * to any, right lined Figure. 

| ow ADF. | 
4} | 1 AB de- 
a ſcribe a Rectangle p 

) cribe a Rectangle + 
2 AE equal to ABC 
* a Square BH equal | e 22 8 
i to that Rectangle Þ | — | . 
or. ond the Thin is done N IE | 

1250 . a . 1 


Tao } 


Sch 


After the ſame Manner (from Prob. 8.) a Square | 
may be deſcribed equal to the Sum, or Difference, 
of any two given right-lined Fi 3 


| PRoBLEM X. 


| E o find two Lines having the ſame Ratio to each 
#ther, as two given ſimilar Figures AB G D 2 F. 


i Find a Third- 
F proportional PQ 
15 to any two homo- 
1 —logoussides AB, 
| 1 _ KD -£Þ 1 
| | . AB: PQ: AB 
: DEF. 


For, by Conſtruction, AB: D E:: DE: PQ, 


v 3. 4. therefore AB x PQ=DE*»; but AB: PQ(:; 
27% AB*:ABxXPQ*<::AB*:DE**) :3 ABC: DEF. 5 
115 4X 5 9 a 


ConroLLARY, 


Hence, i it appears, that ſimilar cight-lined Figures 
are. in the duplicate Ratio of * homologous 
+ Sides, | | 


ProBLEM XL 


The Ratio of two ſimilar Figures ABC, DE * be- 
ing given (as P & to M), to determine 2 . of 
Ide Le Sides AB ne DE. 


Find 


reg 


R 
Find a Mean- 0 rtional S between P and 
ae W P be . 
. For AB*: DE*(: : ABC:DEF> ::PQ:QR*)c 1977 
roy but PQx QR = QS**;4 1. 4. 
vs "he AB“: BE:: PG QS and con- 3.4 _ 
fequently AB: DE:: F S 7 
| + SRO. 2. 
Conor to 9. 4. 


Hence, if one Side A B of either Figure be given 
the correſponding Side DE of the "__ Fi igure: will 
"08 known. 


PROBLEM XII. 


To deſcribe a Figure FGHIK equal, and fmilr 
@ given right-lined Figure AB CDE. | 


8 


Buben Ac and AD, Rp alſo FG equal — 2s 5. 

make the Angle GFH= BAC, HFI = CAD» 4 
and IFK =DAE Þ; likewiſe make FH = AC, 5 of 

FI=AD, and FK = AE *; then draw GH, WE. . 1 
IK and K 10 and the Thing is done. f Def 8.4. 1 


H TE For, 


| P 8 102 K. 
For, ſince the Triangle FGH = ABC. and 

FHI = ACDe, Ce; therefore is the whole Po- 

lygon FGHIK, alſo, ogy! to the whole Polygon 

T 
Moreover, theſe equal Triangles being alſo equi- M 5 
. ler- it is manifeſt, that G=B, GHI= BCD«, | 
 HIK = CDE. and ſo on; "therefore, FG being 

= AB,GH=BC, HI=CD*", „ Se. the two Po- 

8 DE, F GH IK are like to 8 other”, 


"$enoLium 5 1 


"The Figure FGHIK may be e con- 
ſtructed, by making the Triangles FGH =F HI, 
c. wks Hole as is evident from 19. 1. and 


2 * 5 r 1 

r * 0 5 L 2 * XII. 5 - | 2, 

Upon a given Right-line, AB, to deſeribe a 5 rt 

ABCDE E milar 70 4 4. 850 e * . 

and PS, and 1 

TM in PQ (pro- . 

C duced if need 1 

; 2 be) take Po WH 1 

| =AB; draw | 

qr, paralle] to 
— 1: P 3 wet- 

to 8. ing PR in ; | 

\.” and 7 alſo POOR rs and ft, parallel to RS and S Ta, inter? WM ww 

20 ſecting PS and P in ſ and t; then upon A B, by ed 


„ ng Det 3.4 the precedent, deſcribe a Polygon 6 ſimilar to FOE t, 
„ A. 2. Hand the Thing bs done. 


oO <A RT Rye 


2 


3 eſt, and vice ce verſa e. 
1 05 | 
5 H ell ln. SCHOLAIUM. 


1 [ 103 
For, ſince any Angle BCD q bo of the Polygon 
'ABCDE is equal to its correſpondent R 
and alſo CB (qr): CD (rs) :: RQ: RS e, there- 1 
f;ore the two Polygons ABCDE ec are like 1 
to cagh other 4, Y „ 3 = 


Corollary. 


Hence, it lots, that of two Fight line Figures : 
.PQRST and ABCDE (Pqrit) like, and alike 
ſituate, that is the greateſt whoſe Baſe is the great - 


115 laſt Problem may likewiſe be conſtrued 
"bi making the Triangles ABC, ACD, A DE equi- 
angular to the N PQR, PRS, PST re- 
. 


1 "Prone XIV. 


3+ 1 £ "i 1 . 


575 5 make a Figure Perf. 4, % milar to a p ts led 
uo ure given PRS A which ſpall alſ be lo it in a ö 
| BY Ratio viz. 45 BC to AB. CCC | | 


22901 * IA 


| Q A” 
The Ratio 4 the two Fi igures, Wo the Baſe PQ 


"of one of them being given, the Baſe Pq, of the 
H 4 other, 


, , : a 1 
5 50 
k 1 ”y 
* * 
Fi <4 © 
— : \ ; 
. & 4 3 ' 
B 8 by | 
1 
1 . 
. 


Ws = » 

' other, will alſo be given, by 11. 6. (that is, by 
taking BD a Mean-proportional between AB and 
BC, and Pq a Fourth-proportional to A B, B D and 
PQ.) Therefore, if, upon Pq thus determined, a 
Polygon Pqrſt be deſcribed (by the precedent) 
ſimilar to PRS T, the Thing is done. 


PROBLEM XV. 


To deſcribe a Figure ATKH equal to one right-lined 
Figure given P, and ſimilar to angiber ABCD. 

3 Men AB 

e make the Rect- 

angle ARF G 


e IPC 7 C equal to AB 
: 5 2 „ CD, and upon 
E FX AG mike the 
” 5 Rectangle AG 
J NMEeP*; in 


Ag take Al e- 


EO, F qual to a Mean- 
7 ͤ c Pee. 
F  - ___ _ tween AB and 
bg ” AE *; and upon A let AIKH be deſcribed fi- 


T Colftr, milar to ABC Dee, and the Thing is done. 


and 3.4. For ABCD(AF): P (AN:: AB: AE*(:: 


219. 4. AB*: A BAE A= AT**f) :: ABCD: AEK H,, 


K 1. H and therefere A EK H =P ". 2 E. D. 


＋ 1 R 0 B LEM XVI. 


To deſerite a Figure ALK E ſimilar to a givm 
right-lined Figure AB C D, and which ſhall be to ano- 
ber given right-lined Figure P in a given Ratio; viz. 


vr Make 


: | Make the Rectangle ABF G= A BCD 2 hand 
the Rectangle AG NE Pa; alſo in AE, roduced, * 7.6. 


* 5 take AQ = a Fourth- proportional to R, S and 13-5. 


- | A Eb; then (by the precedent) make A IKH equals yh.” 
e to the Rectangle AG x AQ, and ſimilar to AB 

8 * . CD, and the Thing is done. 
n . For, R: S:: AE: AQ: AN (P): * 

e | e! 2 2.1 D. 


od | — 
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THEOREM I. 


Of all the Rectangles AC x BC, AD x BD that 
can poſſibly be contained under the two Parts of a given 
| Right-line AB, any wiſe divided, that AC x BC will 
be the greateſt whoſe Sides | 
AC, BC are-equal to ag 4¹¹ 5 | 
other. | | Ss 6 B 


CP) is = AC* — CD* 2, it 1s manifeſt 


: 3 D, or thit greater than 
Ax. 4. 1. + ior > by CD*, SED. 


- CoRoL- 


OR, ſince AD (AC-+CD)xBD AC 
that AC* (ACxBC®) is = ADxBD+_ 


15 
tt 


DI»; therefore, HGx DI, 
or the Rectangle F H, be- ] 
ing in a conſtant Ratio to SHE. Nw 
.CIxDI, namely as ABro © A 
CD, it is evident that the  /} Nr 
ſaid Rectangle F H will be 


of a given Circle ABC, ſeveral Right-lines AC, B; 
AE, BE be drawn to meet, two and two, upon a Right- 4 
line PQ, touching the Circle, thoſe two IC and BC 


will contain the greateſt Angle, which meet in C abe 
Pon + C . - 


[ 107 ] 


15 os CororLlany., 


ende it follows that a Square i is greater chan 
any other Rectangle whatever under the lame Peri- 
meter. 


111 


28 ö 


TnrroREM II. 


E ag Reftangle E FGH, that can poſſh ply „„ 
inſcribed in à given Triangle ABC, is that whoſe Alt. 
tude DT is equal to half the Altitude C D 7 tbe T riangle, © © 


For AB: CD: HG: 5 
CI GX Di Cix 1 


the greateſt poſſible when A2 5 8 
CIxDI is the greateſt po- B D F B 


* fible;- that is, when CI 
1 . = are gs each other *. y 


| © Theor.1., 
\TuzorREM In. OO 


7 how any two: Pointe A and B, in the Periphery 


5 __ 


For, 


+, 


P5. 3. 


< Conſtr. - 


4 20. 1. 


e Ax. 9. 1. 


f 15. 1. 
317. 1. 


AF BF (AF L MF) leſs than AG+ MG, or 


[168 || 


& falls without the Circles, 
AE will cut the 5 25 
cumference in ſome 
Point D; and there- 


the Angle BED will 
be leſs than BDA b, or 
than its 355 A CB*, 


e LED. 


T n E OR E M IV. 


I from two given Points A,B, on the fame Side ew: 
an infinite Right-line P any Number of Lines. be 
_ drawn to meet, two by two, in different Points of that 

Line, thoſe two AE, BE, which make equal Angles 
with the ſaid Line P 9, will be the leaft of all; 2 


the reſt, thoſe AF, B F, which are neareſt the twa bY 
will be Jeſs than any aber two 4 G, * (rs at a greater 
Diſtance. 


A SIE let BNM be 
perpendicular to PNQ, 
and let AE be produ- 


| let MF and MG be 
7 . Aram: 


—= BENb, MNE = 
| BNE*, and NE com- 


than AF MF, or its Equal AF+BF-f, and 
its Equal AG+BG*®. & E. D. 


4 conoi - 


For, ſince the Point E. | 


fore, if DB be drawn, 


a G mi 


ced to meet it in M, alſo 
Since MEN AE Q. 


mon, therefore is MN 
—BN, and ME= BE *; whence. alſo MF BF. 
and MGS BG: But AM (AE BE) is leſs 


FOS Ade greg rrire 


SSS 


Right-line QPL, and 


{ 199 
CoROLLARY. 


Hence, it appears that the Cannes E of? 3 1. 
the two leaſt, with feſpect to the Concourſe F of. 4 


any other two, will be on that Side where the An- 1. 
gle is leaſt: For * ＋ BE (or A BOY 2 


AFN. 


ö 


Taso nN v. 
Of all the Right line AP,BP; A 9, B 2 that can 


be drawn from two given Points A, B to meet on the 
Convexity of a given Circle PQ, thoſe two AP, BP 


will be the leaft which make equal Angles APR, BPR 


with the Radius R P drawn to the Point F — 


Draw the Radius BW © AA 


R Q and thro Q and 


P draw the infinite \ \ I 


let S be that Point P 

therein where the Lines . 

AS and BS muſt meet 

to be the leaſt poſſible, 

or where the Angles 

ASL and BSQ.are e  _ R 

WP each other ®. | Et 
The Angle LPR is © RQP or RPQb, and g 

therefore, APR being = . L522 "A 10 105 _ 
PB a, and fo, the Point P falling on the ſamec Hy. 


Side of 8 with Q (ty Corol. to the precedent), 'S P. Ax. 6-1. 


will be leſs than SQ", and conſequently AP +BP Phe 5 | 


8 E. B. 


Tuxo REA 


IT. 


TnroRE x = 


* from three given Points 4; B, C it be 5 10 


5 draw as many Right-lines AD, B D,CD to another 
Point D (ſituate ſomewhere between them), ſo that the 
Sum of all theſe three together may be the leaſt poſſible ; 


ten muſt the Poſition of that Point be ſuch that all the 


Angles about it, I DB, B DC, CD 4, " be Eg 40 


each other. | 
Wo „ if. you = the 
. - Sum of AD, BD and 
— CD is the leaſt poſſible, 
E D aan yet the Angles not 


and BDC be unequal, 


S the Diſtance of CD, 
RS 5 let the Circumference of 
a Circle be deſcribed, and let E be that Point in it, 


where the Angles AEC and BEC (when AE, BE 


and CE are drawn) will be equal to each other, 


(for you will not have it to be the Point P, the An- 
gles there being before ſuppoſed unequal). Then, 


: Sers fince AE+BE is leſs than AD BPD], there- 


cAx + fore is AE+BE+CE allo leſs than AD+BD 
De; which is abſurd: Therefore all * An- 8 


Ses are equal. 2 Z D.- 
T H E 0 R * M vn. 2 Ha ob 


o all FY T; riangles AB 2 AB D, in the fame S- 


ment of a Circle A DB, that ABC whoſe Sides 405 | 


BC are equal is the TOE 


equal: Then let ADC 


5 and upon the Center C, 


Cd and CE be 


AeTEG be per. wy 5 : 12 &' 


pendicular, and DE D 
parallel, to AB, and 8 1. 
LY the Center O. 
let OD be drawn, and . 
join A, E and B, E. 
It is evident that CG : oO I. 
not only biſects A Ba, 3 6 1. 
but alſo paſſes thro- ? * 25 
the Center Ob: There- £ 
fore, OC (OD) being , 5 - 


greater than OE . 4 Cor. 1. 
the Triangle ACB will alſo be greater 1 the to 2. 2. 
Dee AES or its a * DB. wg E. D. 


5 TB oT vm. 
Of a at the Triangles ABC, ABD, in Sh ſame Seg- 

ment of a Circle ACDB, that ABC has the Sum o of 

its Sides AC BC the greatef, which has them U Ton 

to each 7 hl i: OL | | „ 3 
de te faite) 85.4. ho. 

duced*rakeDE e HERS FT 2 * 4-7 5 

=BD, and let 


drawn; alſo 
8 BD to 


he Angle 
QD C:lis = 
BAC*= ABCD 
ADC, 1 67 
therefore, if to © Cor. to 
the firſt and laſt of theſe, be alike QD Em ADB, 9. = 
by Jurns will alſo be equal, that 1 is CDE = e 

e there- 


Cor. 135 
to 13. 3. 


[ 112 * 
| ative, ſince the Triangles EDC, BDC have | 
e Conftr, ED C = CDB, EDS BDe, and CD common, the þ 


' # Ax.g.1. Sides EC, BC will likewiſe be equal f, and conſe- fi 
15. 1. quently AC CB (ACEEGQE AE, or than 
. TED. —— * 

„ le 

Tx E O R E M IX. W pe 

07 all the Triangles ABC, ABD hoving the ſame — F 

Baſe AB, and the Sum of their other Sides the ſame; th 

that ABC is the greateſt 8 Sides AC and IC are | re! 
equal to each otber. . Joi 

| 1 85 8, 

© dei ch be 8 — 

F -D cular to AB, and DEF, qui 

| parallel to AB, interſet- | Al 

: mg H Cr produced if need ang 

\ be, in E; likewiſe let the 

| AE and BE be drawn. | Baſ 

” Epps 1 It is manifeſt that the | 
7. and 8. | Angles AEF, BED are 

| equal ; therefore AE—+BE i is leſs than AD+ [c 


d Theor BD, or than its Equal AC+BC<; and fo, the 
$199. Triangle AE, falling wholly within the Trian- 
417.1. gle ACB*, muſt be leſs than AC B“; and there- 
7 Ax. 2-1: fore ADB (=AEB*) muſt ao be leſs than ACB. 
5 Cor. 1. 9. E. D. N 
0 2. 2. | 
TA oA x. 


Of all the Lines D E, FG that can be dratum to cut 
off equal Triangles AD E, AFG from a given Triangle 
ABC, that DE is the leaſt: cohich makes 2 vides AD, | 
A equal to each. GE: | 


; / EY 
* * * g * 4 
* * $60 „ W - EF. 
= +> 
f 5 I 
' 


join F, H and 
G, H. | 


rallel to AB inter- 


| duced if need be, 


FIE = DGE Þ, 


Let AFG = 20 
1 


be the Circum- 

ference of a Cir- 

cle paſſing thro 

A, F, Gr; alſo P 14. 3 
let PH be per- 2 Ax. 9 I. 
pendicular to "fog Mm 
the Middle of 9. 3. e 
FG meeting Cor 8. to 
the Circumfe- 8 
rence in H, and by. _— 

C 3.6. 


It is evident that FH is = GH a, and, conſe- 
quently, . that the Triangle GH F is greater than 
AFG or its Equal ADE Þ; therefore, as the Tri- 
angles GH F, ADE are equiangular © „the Baſe of 
the greater FG will alſo be _ than D E the 


| Baſe of the leſſer 0. 2; E. D 


THEOREM XI 


Of all the Right-lines DEF,GEH that can be 
drawn thro* a given Point E, between two Right-lines 


AB, AC; that DF, which is "biſefted che ſaid Point 
E, cuts off the leaſt Triangle A DF. 2 5 / 


Let FI be pa- SA | 1 
ſecting GH, pro- 


in I. 
The Triangles 
FEE DEG, hav- 

g FEZ DE. 8 
IFE = GDE +, 


TE GE.” 
are equal ©; bur 


[4 Sl 
the Angle DFI (or its Equal BDF) being greater 
«Cor. 6, than DFA *, El is therefore © EH *, and con- 
to 10. 1. ſequently the Triangle DEG (FEI) = EFH; 
*Ax.2.1.to each of which add ADEH, common, and then 
MD. "AGH © APP . E. D. 


1 XII. 


Of all right-lined Fi gures, contained under the ſame 
Number of Sides and inſcribed in the ſame Circle, that 
ABCDE is zbe greateſt whoſe Sides are all equal. 


D Þ F Or, the Polygon 


| gn - ABCDE being the 
greateſt poſſible, the 
a ON Triangle CDE muſt 


other Triangle CFE 
in the ſame Segment; 
for if CFE were equal 
to, or greater than 


| — C E, then the whole 
hs Da Polygon ABC FE 


would be either equal 
to, or greater chan the whole Polygon ABC DE, 
which is contrary to Hypotheſis. But, by Theor, VII. 


the greateſt Triangle, in the ſame Segment, i is that 


whofe two Sides are equal: Therefore CD is equal 


to DE. After the ſame Manner it will appear that 


BC = CD, AB=BC,'&c. 2, E. D. 
By Reaſoning in the ſame Manner, fin Theor. 
VIII. it will appear that the Perimeter of a regu- 
lar, or equal- ſided Polygon is greater than that - of 


1 any other Polygon, whatever, of the ſame Number 


2 of Sides, inſcribed in the . Circle. 15 
; S, *% > 1 i | g 


be greater than any 


ul . uy 5 1 
.* — 5 i 0 : 
Oo 
3 q as 0 as N 
; "THEOREM 


Wh: SE TY VT ILSS WV OI 


_— 
3 — 


88 7 


CD E. muſt, mani- 


angle CFE, upon the 


or — 2 I 2) > 2 


che Angle ABC e 


[15] 


1 20 XIII. 


07 all be- e Figures, contained under the ſame 
- Perimeter and Number 2 S ns, the greate 16 W 
the Sides are all equat. | 11 


For, if ABC DE 


be the greateſt po 5 | Þ 


ſible, the Triangle 


feftly, be greater C 
than any other Tri- 


ſame Baſe, whereof 
the Sum of the other 
Sides is alſo the 
ſame. But, by Theo- 
rem IX. the greateſt 


Triangle, when the Baſe ak the Sum of the Sides 
are given, is that whoſe Sides are equal: Therefore 


E D and DC are equal. In the ſame Manner it 


© will appear that BC=C D, . E. Y. 


'T HEOREM XIV. 
7 5 greateſt Ti riangle that can poſh bly be contained 


: under t20-Right-lines A B, BD, given in Length, and 


am other Right-line AD, Joining their Extremes, 15 


_ when the two given Lines make right * with each | 


a © 
Let BC be any 5 D 
| other Poſition of 8 Catz b 8 


BD; or, which is 
the ſame, let B C be 
equal to BD, and 


greater or leſs than A - | 


Lad. 


ABD; alſo let CF be parallel to AB meeting BD, | F 
511. produced, if need be, in F, and draw AF. 8 21 
. . It is evident that BFC is a Right-angle 2, 2, and | = 


4 = 1. that BD (BC) is greater than BF“; ; therefore, the 
" . Triangle A DB, being greater than ABF e, 19 s alſo 
Ax. 5- greater than its Equal ABC. . D. 2 


en XV. 5 = 

| in 

If all the Sides of a Polygon ABCDEE, except PO 

ene A F, be given in Length, and their Poſition be re- Al! 
quired ſo as to make the Polygon it ſelf the greateſt Set 
poſſible ; I ſay, their Poſition muſt be ſuch that two Di 


 Right-lines AD, FD, drawn from the Extremes of the 
unknown Line AF to any Angle D Y the Polygon, may 


form a Kean at 
For, if you would | — 
have ABC DEF 1 
to be the greateſt 55 
poſſible, and yet 43 
AF not a Right- . 
angle: Then let m_ 
PSO be a Right- 2 
angle, contained pla 
under apy = 1 D, are 
upon Ps and 0s, Pol 
ler the Figures PS equ 
RQ and OST be the 
_ deſcribed equilate- V.. 

| ral,andequiangular, 

to AD C B and 

1 12. 6. F DE a” | 
d Theor. - The Triangle PSO i is — Git ADF*; © 
* e PS RQ being = ADCB, and OST = Nu 
33 8 15 1 


[117 / 


kp the whole: Polygon PQRSTO is ali 


greater than the whole Foy gon ABCDEF . e A. 6. ü. 
Ina is abſurd. 


CoROLLARY. 


Hence, becauſe the Angle in a Semi-circle is a 
Right-angle , , it appears that the greateſt richt.“ 11.3. 
lined Figure, that can be contained under any pro- 
poſed Number of given Sides and one other Side 
any how taken, is when it may be inſcribed in a 
Semi- circle, whereof the indetermined EARS 1 is the 
Diameter. 


7 T'x #6 mas XVI. 


Py Pohgon ABCDEA in a Cirele is greater than 
any other Polygon P RS J whatever, _ Sides are 
the ſame both in Length and Number. See the uv: 
ceding Figure. 8 


— 


© a AF be the Di of _ Circle, —_ Jain 


. E, E; alſo make the Angle PTOS AEF, 2 


= EF, and let PO be dran. | 
Firſt. (not regarding the Baſes AF, po) it is 
plain, becauſe the ſeveral Sides of the two Fi igures 


are reſpectively equal to each other, that the whole 
Polygon ABC DEF is greater than the whole 


Polygon PQRS TO »; therefore, if from theſe the d Theor.” 
equal Triangles AEF, PT Oc be taken away, 4M ; 
2 will remain ABC DEA © renn 5 

& D.-- | 


ru I XVII. 


07 all the Polygons, under the ſame Bere and 


Number of Sides, that whoſe Sides and Angles are equal 
is the pus oe 


23 For, 


a Theor. 


13. 
Þ Theor. 
1 


(218 ] 


For, the greateſt Polygon that can be contained 


under a given Perimeter, is one whoſe Sides are all 


equal a. But of all the Polygons of this Sort, which 
differ only in their Angles, that is the greateſt 
which may be inſcribed in a ircle *: Therefore 
the greateſt, of all, is that whoſe Sides are all equa] 


and which may be inſcribed in a Circle, or whereof 


the A-:gies, as well as the Ves, are all equal. 


LED. 


that can be ne 


unequal Sides, does not 
at all depend upon the 
Order in which thoſe 
Lines are placed with 
regard to each other. 


For let ABCD E be the greateſt, one way, or ac- 


cording to one Order of the Sides; and upon BD 


let a Triangle BDF be conſtituted whoſe Sides 


DF and B Fare, reſpectively, equal to B C and DC; 


then, the Triangles BCD, BFD being equal, the 


whole Polygons AB CDE. and A BFD E will like. 


wiſe be equal, notwithſtanding their equal Sides 


BC, DE, Kt are * 0 to — 8 


894 
3 


Wale, The W i 
of the greateſt Polygon, 


under any Number of 


8 
FDA 
25 

Ss > 


me 


EFF ER AF a PRE cmnos 5 rn 


- 


. * * * * bY wa” * 7 
5 Lr * 11 , « 4 83 yoo , - F HB » of — * 
$4 3 8 A #42 2 we : OL « wt 2 F.-Y F : 3 FJ 
. Ng at; 
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| 7 CUBE i is a Solid 
5 8 bounded by ſix e- 
qual Squares ſtand- 
ing at Right- an- 
Hows as A. | 


7h tb bi 4 5 EFIN Io Ns. 


2 


Gs * : porter NAY 


is a Solid bounded wed 17 35 
Rectangles or 5 


3 


Right: angles; as B. 


.{ 120 ] 


7-0 &.. 


Vertex of the Pyramid: 


Thus ABCLE repre- 
ſents a Pyramid whoſe Vertex is the Point A, and 


Baſe BCLE, 


C = 6 A Cylinder (DC ed) is 2 

D $i generated by the Rota- 

E tion of a Rectangle ACDB 

1 about one of its Sides A B ſup- 

poſed at Reſt; which Side AB 

1s call'd the Axis of he wy 
linder. 


1 | 
: 
13 
— 


Solid generated by the Ro- 


angle A B C about its Per- 
pendicular AB call'd the 
C Axis of the Cone. 


14 


3. A Priſm is a Solid whoſe Sides 
are Parallelograms, and whoſe two 


= Ends are parallel to each other; 


EPS, A. 4. APyramidis a Solid 

55 whoſe Baſe is a Polygon 
| . or right-lined Figure, 
7 : L and whoſe Sides are Tri- 


| angles meeting in a Point, 
| above the Baſe, call'd the 


1 A Cone (A Cc) is 2 


tation of a right-angled Tri- 


* 


of a Semicircle about its Di- 


4 Cylinder, Cone, or Sphere, be 
cut by a Plane, perpendicular 


thereof. 


[ IZI 1 


A Sphere i is a Solid 
generated by the Rotation 


ameter 3 as AB. 


3 the three laſt De- 
finitions, it appears, that, if 


10 the Axis, the Section will 
he a Circle; becauſe, it is manife 5 from 1 Ginels, 


that any Right-line MN in the generating Plane, per- 
| pendicular to the Axis AB, deſcribes a Circle. 


8. The Fruſtum of. a Pyramid or Cone is that 
Part which remains, when any Part next the Vertex, 
cut off by a Plane e parallel to the Baſe, is . 


. 


- The Altitude of any Solid, is the 3 
9 — Height of the Top, or Vertex, above the Baſe 


Pos TULATUM. 


C7 two Solids of the ſame Altitude be cut. by | 
Planes arallel to their Baſes, and the Sections, at 
all equal Diſtances from the Baſes, be either equal, 
or in a conſtant Ratio, the Solids - themſelves 
will, accordingly, be either equal or in the fame 
conftant Ratio. 

- This will appear evident, if the Solids be con, fder'd 
as compoſed of an equal Number of infinitely thin Slices; 
fince it is eaſy to conceive and demonſtrate, that, if every 
Part or Slice of the one be, once, twire, or thrice, &c. 
as great as the correſponding Part or Slice of the 


other, the Whole of the one will alſo be once, twice, or 


re as IP as the Whole of the other. 


Lasse 


LI NN A. kj 

The Peripheries of circles are, 10 AT: other, as "hey. 
Diameters, and the Circles 1 as * . of 
thoſe Diameters. . 


For let ABC D E. F 

and a bed ef be ſimilar 

cgqual- ſided an in- 
ſcribed in the two 


let the Right- lines Oa A, 

ObB, Sc. be drawn; 
then, becauſe of the ſi- 

milar Triangles OA 
wad Oab, we ſhall have OA :Oa ( AB; ab 
ſo is the Sum of all the Sides of the greater Poly- 
gon ABCD E FE, to the Sum of all the Sides of the 


leſſer Polygon a bedef: Alſo, OA®*: Oa : (r: Tri- 


angle O AB: Triangle O a b) fo is the greater Po- 
lygon, to the leſſer. Therefore, if the Number 
of Sides in each Polygon be now ſuppoſed indefi- 
nitely great, ſo. that, inſtead. of their Sum, their 
Limit, which is the Periphery of the Circle, m 

be taken, and, inſtead ol the Poly gon, the Erle 
itſelf; then, from the fore oing Proportioris, we 
mall have OA: Oa:: the : ka of the greater 


Circle: the Periphery of the lefſer ;.. and OA: 
Oa“ :: the greater Circle: the. leffer. . ee the 


Truth of the e ition is manife N. 


= "ConotLany. 


, 5 14 


6 OP 1 perpendicular to AB, a. the Tri- 
angle OAB * equal to AB x + PO, the whole 
Polygon 


225 2K „ „ kw 


poſed Circles, and, _—_ | 


the common Center »W 


| | 7 123] | 
| Polygon ABCDEF is equal to the Sum of its 
Sides x PO; But when the Polygon, by in- 
creaſing the Number of its Sides, may be taken 
for the Circle itſelf, then PO may be taken for the 
Radius, and the Sung. of the Sides, for the Circum- 
ference of the Circle: From whence it appears, 
that any Circle OA CE is equal to à Rectangle 
| under 1 its whole Circumference and half its Radius, 
or BAL its Circumference. and i its whole Radius. 


[ 
4 W „ 
8114 Sv 4 


x e TrzOREM, 1 * 11 


785 317 a Prijm B DIY cut 2 a Plane Wale to the be Ba 
. 560 DEF C, the Section . will be equal to 7 


| | Baſe. | . a * 

5 e 5 MES 4 £377 34 1 

| Let the Points C, 0 d „„ Q 
. Gg be be j n 2 8 ot A 

f ince the Plane cf is e 1 


rallel to the Plane C F, the | 

# Side bc will alſo be arallel | 

. to the Side BC, and there- 4 3 

I fore, bB being parallel to 1 
e (by Def. 3.) BCcb'is a | 


s Parallelogram, and conſe- 4 1 — F \| | 
quently : BC. After B 3 

the very Tame Mane: ijt & 5 

5 will ap Fer that, b g is = gs _ 

: BG ae 0 g=CG; whence, 


he; Prices beg and BCG, ves e b 

HD quilatera], are 05 equal to each other: And, as 

the like may be inferred with regard to any other 

; two. correſponding Triangles, into which cf and 
CF may be divided, it is therefore evident that 


the whole F are alſo bag Wy.” E. D. 


i- = 1 e Conor- 
e EY : 0 


{ 224 ] 
COROLLARY. 
„ Persuſe any Section of a Cylinder araltel to ihe 


Baſe a appears to be a Circle equal to the Baſe (from 


vhat has been already ſhewn at the End of Def. 7.); 
It therefore follows, that all Priſms and Cylinders, 
having equal Altitudes, have the ſame Ratio as 
their Baſes (by the Poſtulatum), their Sections being 
every where, in that conſtant Ratio. Whence, it 
is, alſo, manifeſt, that if the Baſes, as well as the 
Altitudes, be equal, = Tonga chemſelves will be 


equal. 
Ta οα N II. 
oof Pyramid ABCD EFG 'be cut by a e 


al to its Baſe, the Section bedefy will be e 
* = 55 | 


— 


Fe or, N nad). 5 8 the 


: and bc, BC, it will be, 
be: BC: Ab; AB:: 


Ss © £4 


8855 5 bg :: 


. it will ap; 
ear, that b c: cd 


8 the Sides about 
the equal, or correſpond- 
ing, Angles of the two 
Figures are proportio- 


ee the Figures t themſelves are ſimilar, & E. D. 


— 


. Cool 


noe Lines bg, BG, 


HE B G. By the ſame 


Een: therefore, f 


r JJ©- td taco + 


ng g. 


„ "*8 he » YY WET 
i * 


"mT 
T "43 Co R 0 LLARY. 
If AH, perpendicular to the Baſe C F, cut cf 
in h; then will AH“: Ah“ :: AB:: Ab! :: 
B C* : be!“ :: the Polygon CF: Polygon of: 


Whence, it appears, that the Sections of a Pyramid, 
parallel to the Baſe, are to one another as. the 


- 


Squares of the Diſtances from the Vertex of the 


Pyramid. 


TrzoRzemM III. 


to one another as their Baſes. 


* 


2 


For, let bedefg and RmSn be any two Set- 


tions of the propoſed Solids, parallel to, and 
equally diſtant from, their Baſes BC DEF G and 
PwQr: Then, becauſe the Altitudes AH and 
TN .are equal, the Diſtances Ah, Th of thoſe 
Sections, from the Vertices A and F, will alſo be 


Pyramids and Cones, whoſe Altitudes are equal, are 


- N | + —— 

A Lad . 2. _ 3 — 
5 5 5 = - ” 4 7 T N Nao 4: 
D r . - xt : 1 s 


* 
—— 


nd — 
1 * 
* == rr 
: 2 5 k 5 : 
K — 
. ˙ . 


— 


” g £ N * 
* 3 % . 
a * "YI" . "VT 1 * 3 y 
* 2 a 3 2 er I The — Ib * A nk: 8 penn — = 


[ 126 ] | 
| equal. But (by Corol. to the precedent) AH*: Ah-:: 
BCDEF G: bed _—_ And (by the foregoing 


Lemma) IN. 1 Th (AKh: :( PN:: Rh? | 
::) PwQr:Rm Sn; therefore, by Equality, Bc 


5 DE FEG: bedefg:: PWM r: RmSn; or, alter- 
nately, BCDEFG: PwQr::bedefg: 'RmSn. 
Therefore, the Sections bedefg, RmSn being, 


every where, in the conſtant Ratio of the Baſes, it 


is evident, from what was premiſed in Page 121, 


that the Solids themſelves muſt, alſo, be in that 


Ratio. 2, E. D. 


2 o R O * L AR x. 
"Hmoe, it Wen that all Evries __ 1 


whoſe Baſes and Altitudes are 17 gt are equal 


among elner 
THEOREM Iv. 
If the Altitude of a ld baving a Square Baſe, 
be equal to half the Altitude of a Cube, ſtanding upon 
the ſame Baſe, the Pyramid will be r Part of the Cube. 


For any Cube, by drawing Lines 3 the 
Center or Middle to all the Angles thereof, may 


be conceived to be divided into ſix equal Pyramids, 


whoſe Baſes are the ſix Faces of the Cube, and, 
whereof, the Altitude of each is equal to half the 


Thickneſs or Altitude of the Cube. Whence the 


Propoſition i 18 manifeſt, 


Conortary. 


FE $I 4} 


Hence, a Pyramid, having a Square for i its Baſe, 
and its Altitude equal to half the Side of that 


Square, is + of its circumſeribing Priſm, or 4 of a 


0 Priſm having the ſame Baſe and Altitude, 
” TR REO- 


. 


= 9 


THEOREM V. 


ery Þy ramid or Cone 7 D is + f its circum- 
fribog e Prijm or waged SPAR, 


SOS 


S 


| For, let ABCD E be ſquare· Pyramid, of the 
ſame Altitude with the propoſed Solids, whereof 


B (or BE) the Side of the Baſe, is twice the Al- 


titude: Then, becauſe every ſuch Pyramid is 
proved, above, to be + of its circumſcribing Priſm, 
it will be, as 3 Times ABCDE (the Priſm upon 
BD): PQRS :: the Baſe BD: the Baſe PQ (by 


Corel. to Theor. 5 ABC DE: T PQ (ty De- 


rem III.); whence, che Antecedents being in the 


Ratio of 3 to 1, the Conſequents PRS and 


e muſt, N be in the ſame Ratio. 
* = D. 


3 


4 rann E vl 


* 


Let 


>< 


. A 


Every 5e 7s 5 to 2 3. of its eee Cy- 


_ ——_ * „„ 
— — : 2 
1 1 . - Tt” — —— * — — 
r — = I <x - 0 : — ts 
2 _ . < 2 * A 4 1 — . of 6 
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Let AB be the Axis 
about which the Sphere 
L and Cylinder are gene- 
rated, by the Rotation 
of the Semi- circle AGB 
Ja and the Rectangle AD 

CB; let HL be any 
| Right- -line, perpendi- 

cular to A B, meeting 

the Periphery of the 

Semi- circle in K; and, 


from the Center 0, let 


OK and OD 8 HL in I) be drawn. 

Becauſe ADS OA, therefore is HI OH, and 
conſequently H 1* (O H* = OK — HK 5 == 
HL *—HK =; whence, becauſe all Circles are as 
the Square of their Radii (by the foregoing Lemma), 
it is evident, that the Circle deſcribed by HI, or 
the Section of the Cone, generated by the Trian- 
gle AOD, is equal to the Difference of the Circles 
deſcribed by HL and HK; that is, equal to the 
Annulus deſcribed by K L, or the Section of the 
Solid which remains on the Sphere is taken out 
of the Cylinder: Wherefore, ſeeing the Sections 
are every where equal, the Solids themſelves muſt 


alſo be equal, or the Cone EO D, generated by 


the Triangle AOD, equal to the Exceſs of the 


Cylinder GDEg. above the Hemiſphere G Ag: 
whence, as the Cone or Exceſs is + of the Cylinder 


02 the precedent), the Hemiſphere muſt, conſequently, 
the other two Thirds, and ſo, the whole Sphere 


N to + of its circumſcribing Cylioder CD EF. 
E. D. 


— Nn 


S * 


ww C5 2x 9 


Py wo r &2 7 BF is WW FT W 


© (> w 


9 
* 
- 


ü angle A CB will be e- 


[19] - 
CoROTT AR. 


5 | TY it appears, that a Cone, Hemiſphere, 


and Cylinder, having the ſame Baſe and Altitude; 
are 10 each other as 1, 2 and 3, * 


Lemma 


y Ouadrilateral A B CD, having 0 patallel 


Sides AB,CD, is equal to a Rettangle under the Sum 


of thoſe Sides and * their perpendicular Diſtance 


CE. 


For, if the Diagonal „ 1 
AC be drawn, the Tri- 5 G5 


qual to ⁊ CE xx AB, ange 
the Triangle DAC= 
ECExCD; and, there- Os 
fore, the whole Quadri- ä — F B 
lateral ADD 2: 96.4.7 
x ABt+ 4CE x CD ; | 
==: "CE x AB + CD 2 E. D. 


n VII. 


the upper Super ficies ( or the Sum of all the Sides) 
% a regular Pyramid, in which 'a Cone may be in- 
cri 


ibed, is equal to 4 Reftangle under the Perimeter of : 


tr Bj and half the flant Side N . 


— — r 8 rr 5 _ — = _ - — \ 
_ 1 : 8 = Y — 1 kn —— — ES >. 
— oo ere: REAL £8 4 * 3 Ti 56nd * 8 . 8 
— — - — — — _ *>7 
$ G L 2233 „ „ . 5 2 
3 — — r 5-7 — : 1 A 


CA” Oo OT Hin IF: 8 


* FED Ing nan een — 5 — — 0 1 — 7X 2 2 h 
— ” —— —_— ———— —— —— — ————— 


+» 0 
"I 


——— ali. x. AP 94 rene. 3 


For, let BCDE, 
Sc. be the Baſe 
of the Pyramid, 
and BPGM that 
of the inſcribed 
Cone; and, from 
thePointP, where 


the Polyg. touches 
the Circle, let the 
ſlant Side AP 


/ © bedrawn: Then, 


the Triangle (or 


Y , Side of the Fy- 
— Lin bo ramid) ADE be- 
M ing APX DE 

or AB x DE, 


and the like holding good with regard to any other 
Side, it is evident that the Sum of all the Sides, 


or the upper Superficies of the whole Pyramid, 


will be equal to + AB x DE EF Oc; that 
is, equal to a Rectangle under + AB and the whole 


Perimeter or the Baſe. " E. D. 


Co An Ts 


| Hence, it will, alſo, appear, we all 4 Sides, 
of any Fruſtum B g of the Pyramid, will be equal 
to a Rectangle under half the Length of each Side 

and the Sum of the Perimeters of the two Ends: 
For, the Area of the Side D Ee d being = r Pp 


DE Jdc, or Bbx BE + de (5 the preceding 


Lemma), the Area of all the Sides will, therefore, 
be = = Bb PE def EFT eff. 


Cokor- 


any Side DE of 


(equal to AB) 


= w» wm Wo > @ wh (0 tw vr uw 


„ 
9 


2 


L 
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CoROLLARY 2. 


Therefore, ſeeing the foregoing Concluſions 
hold univerſally, whatever the Number of the Sides 


may be, and as the Pyramid, by increaſing the 


Number of its Sides, approaches, continually, nearer 
and nearer to the inſcribed Cone, which is its Limit; 
it is evident, therefore, that the upper (or convex) 


Superficies of the whole Cone (as well as that of 


the Pyramid) muſt be equal to a Rectangle under 


half its ſlant Side and the Perimeter (or Circum- 


ference) of its Baſe: And, alſo; that the convex 
Superficies, of any Fruſtum of the Cone B g, is 
equal to a Rectangle under half its ſlant Side (Bb) 
and the Sum of the Peripheries of its two Ends. 


From whence, it likewiſe follows, that the convex - 
Surface of a Cylinder is equal to a Rectangle under 


half its Altitude and twice the Periphery of its Baſe, 


or under the whole Altitude and once that Peri- 
phery; becauſe then the two Ends are equal to 


each other. 
TAHEZORE M VIII. 


Fa regular Polygon AB CD E, &c. ef an even 

Number of Sides, together with its inſcribed Circle 
R9 Sg, be ſuppoſed to retiolve about the produced Di- 
ameter A F, as an Axis; the Superficies of the Solid, 


generated by the Polygon, will be equal to a Reftangie 


under its Avis AF and the Circumference R Q,Sq of 
the inſcribed Circle. Patti 7 


„„ 0+ hw 


8 7̈ʒt __ © SONIA : . . MA 
4 * 2 3 — 285 2 2 Rk Bun EN * 5 71 : s Sata oy ; 8 
Te ö e 


From the C o, to the Point of Contact Q 
of any Side BC, let the Radius OQ be drawn; 
-alfo draw BbM, QPq, CcL, Sc. perpendicular to 
AF, and B at ndicular to CL. | 
+ Becauſethe © by the Plane bc CB, 
is the Fruſtum of a Cone, the convex Superficies 
thereof, generated by BC, is equal to a Rectangle 
under 2 BC and the Sum of the two Peripheries 
* deferibed by Bb and Cc (by Cor. 2. is the precedent) - 
But the Sum of theſe two, as Qq is an arithmetieal 
Mean between them, is equal to twice the Periphery 
Qq; and, therefore, the convex Superficies of the 
aid Fruſtum is equal to + BC x 2 Periph. Qq = 
B Cx Periph. Q q. But, becauſe of the ſimilar Trian- 
| 4Yles OPQ,BNC, we have BC: BN (bc) ::OQ: | 
wn fo Periph. RQ Sq: Periph. Qq (by the Lemma 
in Page 122); and 7 ng BC x Periph. Qq= 
— x Periph. RQ Sq=the Superficies generated by 
BC. By the very ſame Argument, it will appear,that, 
the Superficies generated by any other Side CD is 
= cO x Periph. RQ Sq: Whence, it is manifeſt, 
that, the Superficies of the whole Solid is = 


ä x Periph. RQSq. 2 E.D 


SPOOL RA UP] rr 


CoRoL- 


Sides, approaches nearer and nearer, conginually, to 


( Corol. to 


. . * 7 „ E 3 - a „ J 
| : [ | 33 ] s 
; : 1 4 : } 


CoRoLLARY I. 
Since the whole Superficies is always equal to 
AF x Periph. R Q Sq, let the Number of Sides of 


the generating Polygon be what it will, and as the 
faid 'Supgrhicies, by increaſing the Number of, its 


the Superficies of the inſcribed Sphere, which is its 
Limit; it is evident, that the Superficies of the 
Sphere itſelf is likewiſe: equal to a Rectangle un- 
der its Axis RS and Periphery R QSqz; and a 
3 convex Superficies of any hy thereof, 
Rw, is equal to a Rectangle under its Hei ht Re 
and che Ciennberneg of Ke Sphere; been the 
Supirſicies of the correſponding Part of. the Solid, 
CBA ML, is equal to A c x Periph, RQSp, as 
has been already proved. 


CorRoLLARY ONE 


Hence, the Superficies of every Sphere i is equal 
to four times its generating Circle; becauſe the 
Circle RQSq 1s equal to+RS x Penph, RQSq, 

Ln in Page 122). þ ne. | 
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VER Quantity is meaſured by ſome th 
other Quantity of the ſame Kind; as E 
a Line by a Line, a Surface by a B. 
Surface, and a Solid by a Solid: And of 
the Number which ſhews how often A 
5 the leſſer, called the meaſuring Unit, of 
is contained in the greater, or Quantity meaſured, 44 
is call'd the Content of the Quantity ſo meaſured. le 
Thus, if the Quantity to be meaſured be the Rect- P 
angle ABC P, and the little Square E, whoſe Side | 5 


is 


. 
ö 

\ Ul 
p 

* 

d 


WE * nf b aca aw de ED. Haut 1 


finding the Content of 


AB CP, or Triangle A s 
ABD, is alſo known; 


1 


is one Inch (Foot, Yard, Ec.) be the meaſuring 


Unit propounded ; then, as often as the ſaid little 
uare is contained in the Rectangle, ſo many 


ſquare Inches the Rectangle is ſaid to contain: So 


that, if the Length AC was 5 Inches, and the 


Breadth AD 3 Inches, then the Content of the 


Rectangle would be 5 times 3, or 15 ſquare Inches; 
as will appear from the Figure. From whence, it 
is eaſy to conceive, that the Content of any Rect- 
angle, whatever, will be found by repeating the 


Number of Parts into which the Length is divided 
{by the Side of the meaſuring Unit) as often as 
there are like Parts in the Breadth of the ſame Rect- 


angle. Therefore, to find the Content or Area of 
any Rectangle; Multiply the Length by the Breadth, 
and the Product will be the Anfewer. Thus, let the 
Length be 18 Inches, and the Breadth 13, then the 


Content will be 15 times 18, or 270 ſquare Inches. 


"The" Method of 


a Rectangle being thus 
known, the Manner 
of finding the Content 
of any Parallelogram 


the former of, theſe 
Figures being equal to a Rectangle of the faule 


Baſe and Altitude, and the latter equal to the half 


of ſuch a Rectangle (by Cor. 2. to 2. 2) Therefore, 
Multiply the Baſe 5 the Perpendicular, for the Content 


of 1 Rectangle; and the Baſe by half the Perpendicu- 


lar, for that of any Triangle. Thus, for Example, 


| let the Baſe be 18 Parts, and the d promo 12 
Parts; then the Content of the Parallelogram will 
be 216, and that of the Triangle 108 ſquare 


Parts. 
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From the Manner of 
© finding the Area of a 
Triangle, the Area of 


re, as ABCDE, may 


viding the whole into 
| : Triangles and finding 
the Content of each Triangle. Thus, let the di- 


viding Lines AC, and A B, be 20 and 16 Inches, 


and the Perpendiculars BF, DG, EH, falling there- 
on, 8, 12 and 16 reſpectively; then, the Content of 
the | 5 ' x 


* 


[ABC e ee e 
Triangle AC De being J 120 C, it is e- 
ADE . 


vident, that the Content of the whole Figure will 


be the Sum of all thoſe, or 280 ſquare Inches. 


But, when the given Lines are expreſſed by Frac- 
tions, or very large Numbers, the Work will be 
ſomewhat ſhortned, by finding the Content of every 
two Triangles, 2 * Ge ſame Baſe, at one Ope- 
ration; that is, by, firſt, adding the two Perpen- 
diculars together, and then multiplying half their 
Sum by the common Baſe of the two Triangles. 


Thus, in the laſt Example, the Half-ſum of the 


two Perpendiculars BF and DG being 10, if this 
Number be, therefore, multiplied by 20 the Mea- 
ſure of the common Baſe AG, the Product, which 
is 200, will be the Content of the Trapezium 
 ABCDA, to which 80 the Content of the Tri- 
angle ADE being added, the Sum will be 280, 


the ſame as before, But, if the Polygon propoſed 


be a regular one, that is, one whoſe Sides and An- 


any right: lined plane Fi- 
e determined, by di- 


s NS ww * Me ha we Eh SED 


n 


Crt” 


gles are all equal, the ſhorteſt Way, of all, is, to 


multiply half the Sum of its Sides by the Length of the 
Line drawn from the middle af any Side to the Center 


of the Polygon: The Reaſon of which is obvious, 
from the Demonſtration to the — in Page 


122. 


Having ſhewn how the 1 oſ any „ 
Figure may be computed, it may be proper to ſay 


ſomething, here, with regard to the Area and Pe- | 
riphery of the Circle. fanny! E. Ef) 


It i is 1 known, 0 to „ 1 true 3 


of a C ircle, and to find a Right · line exactly equal to 


the Circumference thereof, have been looked upon, 


by Mathematicians, as abſolutely impoſſible: But, 


tho? neither the one nor the other can be accurately 


known, yet ſeveral Ways have been invented, by 


which they may be approximated to any aſſigned 


Degree of Exactneſs; whereof, that which I am 


going to lay down, tho" it is not the moſt ſhort, 
and expeditious, of all others, ſeems nevertheleſs 


to be the moſt proper for this Place, as depending 
on the moſt ſimple and evident Principles: I ſhall, 


| e begin with F the . 


L EMMA, 
77 AD * a. Diameter, and AB, BC two equal Arcs 


of the ſame Circle, and D B, DC Be the Chords of the 


Supplements of a Arcs; . them will DB = © Sic 
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For, in DA, produced, take A F DC, and 
draw BF, BA, BC, and the Radius BE: Then, 
ſince the external Angle F AB, of the Trapezium 

AB CD, is equal to the internal oppoſite Angle 
DCB (by Cor. 1. to 13. 3.) allo AF=DC, and 
AB= CB (by Hyp.), it is evident, that, FB is alſo 
=DB, and conſequently the Angle F =FDB= 


DBE: Whence, the iſoſceles Triangles DEB, 
DBF being equiangular, it will be DE (z AD): 


DB :: DB: DF (PC+ AD), and e 
5 amm . E. D 


CoRoOLLARY. g 
Hence, if the Diameter AD be al by 


the Number 2, the Chord DB will be denoted by 


Dez: Whence, it appears, that, if the Mea- 
ſure of the Supplement-chord of any Arch be increaſed 


by the Number 2, the Square-root of the Sum will be 


the Supplement-chord of half that Arch. 


Now to apply this to the Matter ata that 
1s, to the finding the Area and Circumference of 


the Circle, let the Arch A BC be taken equal to + 


of the Semi- riphery A CD, or the Angle AEC 


equal to + of two Right - angles; then the Triangle 


8 AEC being equiangular (by Cor. 7. 10 10. 1.), the 


Chord AC will alſo be equal to the Radius AE or 


ad, 


. ys. So - WW - 


of 24 1:9997322757 =1,9999330678 


tat f 


Ec; and therefore, ſince AC D is a Right · angle 2 


(by 11. 3,) DC. (= AD* — AC?, by 7. 2.) will 
be = 4 — 1 = 3, and conſequently DC = 
v 3 = 1,7320508075, Fc. Wherefore, ſeeing 
the Supplement-chord of I of the Semi-periph 


15 1,7 320508075, we ſhall, by the preceding Corollary 


v/ 2+ 1,7320508075 =1,9318516525 
J 2+ 19318516525 = 1,9828897227. 
» 2+ 1:9828897227= 1.9957 78465 
3 WV. 2 © 19957178465 =1,9989291743 
65 2＋ 19989291743 = 1,9997 322757 


pplement- 


for the Su 
chord of 


48 -& 
2 0 

— 782 
99930 =4/3,9999330678 732 Js 


Now, therefore, ſince it is found that 399993 30678 


«4: 


is the Square of the Supplement-chord of ++ of 


the Semi-periphery, let this Number be ſubſtracted 
from 4 the Square of the «Diameter, and. the Re- 
mainder o, oooo669 322 will be the Square of the 
Chord of the ſame Arch; therefore, the Chord it- 


ſelf being = 0,0000669322 = o, oo8 18 121, let 


this Number be multiplied by 768 (or twice 384) 
and the Product 6, 28317 will be the Perimeter of 
a regular Polygon of 768 Sides inſcribed in the 
Circle; which, as the Sides of the Polygon very 
nearly coincide with the Circumference of the Cir- 


cle, muſt alſo expreſs the Length of the Circum- 


ference itſelf very nearly. 


ſhew how near this 
repreſent the Side of 
c Sides inſcribed in 


— whoſe Length we 


be 0,00818121.; al- 
ſo, let a ůbe the Side 
of another Polygon, 


of the ſame Number 
of Sides, deſcribed about the Circle, and from the 


Center O, let ON be drawn, biſecting AB and 
ab in M and N: Then, fince AM is = 1AB 
o, oo gogo, and AO = 1, it is plain OM? (AO? 


—A M >) will be = 099998: 327, and confequently 5 


OMS, 99999163; whence, becauſe of the ſimi- 


lar Triangles A OB, 20 b, c. we have 995959 16. oy | 


(OM): 1 (ON) ?: AB: ab :: 6,28317 (th e Pe 


meter of the e Polygon): 6,28 322 the 
Perimeter of the circumſcribed Polygon. Now, 
| ſince theCircumference of the Circle is greater than 
the Perimeter of the inſcribed Polygon, and leſs 
than that of the circumſcribed, it muſt, therefore, 


be greater than 6,283 17, and leſs than 6, 28322; 
and therefore is equal to 6, 28 32, very nearly, fince 
this Number exceeds the Perimeter of the inſcribed 
Polygon by no more than 0,00003, and is exceed- 


ed by the Perimeter of the circumſcribed one, by 


- 0,00002 only. 
From the 8 thus found, the Area of the 


Circle will alſo be known, being equal to the Rect- 


angle of the whole Periphery and half the Radius 
(by Cor. ts Lemma in Page 122.) * is 6,2832 


x 0,5 or $1420; 
8 


"Ai in wür to | 
is to Truth, let AB 
2 Polygon of 768 
the foxeſaid. Circle, 
have found aboye to 


2 
we 


Ta A 


— 
Ma 


928 
d 


e- 


whole 
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Page 1 31): N = to the Product, the Area 


1 2471 


Therefore, fince it is proved in the ſame Lemma 


chat the Peripheries of Circles are as their Diame- 
ters, and the Circles themſelves as the Squares of 


thoſe-Diameters, it follows that, as 2 to 6, 28 32, 
or as 1 to 3, 1416 :: the Diameter of any Circle to 
its Periphery; and as 4 to 3, 1416, or as 1 to o, 7884 
the Square of the Diameter to the Area, very 
nearly. 
Bur, if you had rather have the Proportions in 
Numbers, and the Caſe propoſed does not 
require any great Degree of Accuracy; then, in- 
ſtead of the foregoing, thoſe of Archimedes may be 


uůſed, viz. 7: 22 :: Diam.: Circumf. and 14: 11 2: 


Square Diam. : Area; which Proportions differ but 


little from thoſe above, as will appear from the 


following Example ; wherein the Diameter of a 


| Circle being 28, its Circumference and Area are 


required: Here, according to the firſt Proportions, 
I multiply 28 by 3,1416 for the Circumference, 
and the Square of 28 (or 784) by 0,78 54 for the 


Area, and there reſults 89,964, and - 615,75 re- 
ſpectively: But, according to the Proportions of 
Archimedes, the Circumference will be found equal 


to 88 and the Area 616; which differ very little 
from the former. After the ſame Manner the Cir- 


cumference or Area of any other Circle my * de- 
termined. 


From the Manner of com puting the Aren of 


plain Figures (already explained), the convex Super- 


Hoies of ſolid Bodies may alſo be determined. 
Thus, 175 
The convex Superficies of 2 cylinder i is found, 


dy multiplying the Periphery of the Baſe by the Alti- 


tude of the Solid (as appears from Cor. 2. to Theor. 7, 
of 


; — 
o 
= . 


nt 
of the two Ends ( found by the preceding Rules) be 
added, the Sum will be the whole Superficies of 
the Cylinder. 1 | 


To find the convex Superficies of a Cone; Mul- 
tiply half the ſlant Side thereof by the Circumference of 
its Baſe. LY | | | 


The convex Superficies of any Fruſtum of this 
Solid is found, by multiplying the Sum of the Peri- 
pheries of the two Ends by half the Length of the ſlant 
Side of the Fruſtum. HEM 


The Reaſon of theſe two laſt Rules is demonſtra- | 
ted in Cor. 2 to Theor. 7. Page 131. | 


To. find the Superficies of a Sphere; Multiply 
the Periphery of the greateſt, or generating, Circle by 
its Diameter; or, multiply the Square of the Diameter 
by 3,1416. The Reaſon of which will appear 
from Cor. 1. to Theor. 8; whence the Rule for de- 
termining the convex Superficies of any Segment 
of a Sphere will, alſo, appear evident, and is thus; 
Multiply the Periphery of the greateſt- Circle of the 
Sphere by the Altitude of the Segment. 5 


Having explained how the Superficies of ſolid 
Bodies are determined, it remains, next, to ſhew 
how the Contents of the Solids themſelves may be 
found. And here, it will be, firſt, neceſſary to 
obſerve, that, as every Superficies is meaſured by 
a Square whoſe Side is Unity, fo every Solid is 
meaſured by a Cube, whereof the Length of each 
Side is alſo an Unit, A TOSS 


Let 


* 


i 


Let A F be a ſolid Parallelopipedon, to be mea- 
ſured by the Cube P, whoſe Side is one ſquare 
Inch ; moreover, let the Length AB of the Baſe 
be 4 Inches, the Breadth, AD, two Inches, and 
the Height AH, or DE, of the Solid, 5 Inches: 
Then, becauſe the Area of the Baſe ABCD is 4x2 


or 8 ſquare Inches, it is eaſy to conceive, that, if 


the Solid was only one Inch high (inſtead of 5) the 


Content thereof would be juſt the ſame Number (8) 


of cubical Inches ; becauſe then, upon each of the 


8 Squares of the Baſe ABCD, a Cube, whoſe Side 


is one Inch, might be erected; which 8 Cubes to- 
gether would, it is manifeſt, compoſe a Parallelo- 
= jou upon the ſame Baſe, of one Inch high. 
Therefore, ſeeing the Content of the Solid, at one 


Inch high, is 8 cubical Inches, the Content, at 


5 Inches high, muſt, conſequently, be equal to 
5 times 8 or 40 cubic Inches (becauſe the whole 


Solid may be conſider'd as compoſed of 5 ſuch 


Heights of Cubes one above another); whence, 
it is manifeſt that, whatever the Height may be, 


the Content will be always found by multiplying 


the Area of the Baſe by the Altitude of the Pa- 


rellelopipedon : Thus, if the Area of the Baſe was 


I re 


- T1449). — 


the Baſe was 725, and the Altitude 2 Inches, the 

Content would be 1450 Inches. . | 
From the Content of a Parallelopipedon thus 

known, that of a Priſm is alſo known; becauſe 


(by Poftul. ) every Prifm is equal to a Parallelopipedon 


of the ſame Baſe and Altitude: Therefore, to find 
the Content of a Priſm; Multiply the Area of the 
Baſe (found by the Rules for Superficies) by the 
Height of the Priſm, and the Produft will be the 


required Content. After the very ſame Manner 


the Content of a Cylinder is found (it being alſo 
equal to a Parallelopipedon of the ſame Baſe and 
Altitude): Therefore, if (for Example's Sake) the 
Diameter of the Baſe be ſuppoſed 20 Inches, and 


the Height of the Cylinder 15 Inches, then the 


Content of the Solid will be 4712,4 cubical Inches, 


b very nearly. For, the Area of the circular Baſe 


being 314,16 (by Page 140), this multiplied by 
15 gives 471244 as before. 5 55 


Hence, alſo, the Solidity of a Pyramid, or Cone, 
is likewiſe known; every ſuch Solid being of a 
Priſm or Cylinder of 'the ſame Baſe and Altitude: 
Therefore, to find the Content of a Pyramid or 


| "Cone 3. Multiply the Area of the Baſe by + of the A. 


titude. 


To find the Content of any Fruſtum of either 
of theſe two laſt Solids; firſt find, the Content 
of the whole Solid, whereof it is a Fruſtum, and 


afterwards of the Part cut off (by the ſame Rule), 


and then ſubſtract the latter from the former. 
Every Sphere being (by Theor. 6. Page 127) 4 of 

a Cylinder of the ſame Diameter and Altitude, the 
Content of a Sphere is, therefore, found, by multi- 
plying the Area of its greateſt, or generating, Circle 
by 2 of its Diameter; or, becauſe the Area of ſuch 


Circle is to the Square of the Diameter, as 0,7854 
- 0 - 
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EF 213 
to » Wiley ; Muliph the Cube of the Diameter by 
.5236 which is 4 of 0,78 54, and the Product will be 


the Content of the Sphere. Thus if the Diameter of 


a Sphere be 20, She Cube thereof will be 8000, 
which multiplied by the Fraction .5236 gives 


4188,8 for the Solidity of the Sphere very nearly. 


The Manner of finding the Content of a Seg- 
ment of a Sphere may be gather'd from the Demon- 
ſtration in Theor. VT. Page 127, and is thus; Mul- 
tiply the Square of the Height or Thickneſs of the Fru- 


ſtum by 3 times the Diameter of the Sphere leſs by 


twice the ſaid Height, multiply the Produt? again by 
the Fraftion .52.36, and the Produt? will be 2 Content 
of the __ way — 
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CONSTRUCTION | 


Of a Variety of 
GEOMETRICAL PROBLEMS, 


BEING 


An AP PLICATION of what ks been 
deliver'd in ſome of the preceding Pages. 


PROBLEM I. 


DEF G. 
8 ONSTRU CTION. 
M r vo the Baſe 
0 | -4 AB, from the 
| | Vertex C, let 
| fall the Perpen- 


„ E dicular CP, and make 
1 NY AM parallel to PC, and 

| 1 equal to AB; alſo draw 

2 PM cutting the Side AC 
A= in D, and draw DE, pa- 

| G P F B rallel to AB, meeting BC 
in E; then upon AB let 

fall the perpendicular DG, EF, and the Thing is done. 
3 5 mJ EON 


In a given Ti riangle. 4 B , to ou a Square 


3 . CE INIT IE 


o Ss 


S Fön 


e 


To 


either Side, upon the Baſe 
1 cular MG, and make MR 
thereto; and let ARE be 
Side of the Triangle in E; A GN S F EY 
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DEMO NST RAT ION. 


It is evident, from the Conſtruction, that the 


Figure DEF G is a Rectangle. And, by ſimilar 
Triangles, AP: AM (AB) :: PG (QD): DG; 


alſo (by 12. 4.) AP: AB:: DQ: DE; therefore 
5 5 __ n. DEF G a Square. 


The fame eonfiruted otherwi je 


From any Point M, in 


AB, let fall the Perpendi- 220 


7% 
N 


perpendicular, and equal, 7 


drawn meeting the other 


then draw E D parallel, and 


EF and DN perpendicular, to AB, for the Sides 
5 * the required Square. Ire 


DzMonsTRATION. 
Let RS, parallel to EF, be drawn ; and hw - 


by ſimilar Triangles, - RS (MG) : E F CAR: 


AE) :: MR: DE; therefore, MG and MR be- 
ing equal, by Conſtruction, EF and DE will alſo 
be equal. Q; E. D. 

Note. By either of theſe Methods : a Rectangle : 


may be inſcribed in a Triangle, whoſe Sides ſhall | 


be in a given Ratio, if, inſtead of taking AM = 


AB, in the fiſt Method, and MR = MG, in the 
| ſecond, they be taken in the given Ratio; the reſt 
of the Conftrudtion being _— the fame. "0 


La*:.. PronLem 


| 
| 
q 
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PROBLEM II. 


In a given Triangle ABC, to inſeribe a R eBangle 
IXLM equal to @ given right-lined Fi ure bug 


ConsTRUCTION. 


one ce ot pon the BHaſe AB 


„ © "x coup let fall the 
N Perpendicular C D, 
TE 1 1 ED = 2 AB, 


upon which let a 
1 gle 4 EFG 
e deſcribed equal 
MODE —@ to Q (by 7. 6); alſo 
let CD be biſected in H, and take HN a Mean- 
pt onal between DH and HG; then will DN 
be the Altitude of the required Rectangle. - 


DEMoNSTRATION. 


Becauſe DH: HN:: HN : HG (by Conſtr.), 
therefore HN* = DH x HG (3. 4), and conſe- 


quently DH* — H N* —DH*—DH x H G; but 


DH* — HN* (=DHFHN IPH HN) = 
DN x CN (6. 2), and DH*— DH x HG=DH 


x DG (4. 2.) ; whence, alſo, DN CN DH x 


DG, and conſequently DN: DG:: DH: CN 
(3. 4); but DH (+ CD): a GS ASE IK 
(12. 4); therefore, by Equality, DN: DG:: ED 
IK, and conſequent] DNxIK = =DG xED 3. 
4. ) = QConfr.). Is 0 Be - Ds 


Note. This Problem is impoſſible when the point — 
G falls above H, or when the Figure to be in- 


cribed 1 is greater than half the Triangle. 
5 e enen 


3 


2 


Tr 


80 2 


[149]. 
Pn 0 1 1 2 III. 


I a given Circle A PB 2, to inſcribe a Fang 
equal to a given right-lined Figure RST U. 


ConsTrvcTION. 


Upon the Der AB deſcaibe; the Rectangle 
ABR IS RST U (2) 7. 6.), and from the Point 
C, where the Side KI interſects the Periphery of the 
Circle, draw CA and CB; parallel to which draw 
BD and AD; then will A CBD be the Rectangle 
that was to be conſtructed, | 


DEMONSTRATION. 


The Angle ACB, a in a Bes- is a 
Right-angle (11. 3.); therefore AC and BD, as alſo 
AD and BC being Parallels, by Conſtruftion, 
ACBD is a Rectangle (11. 3. and Cor. 2. 7023. 1.) 
and is, alſo, = 2 ACB (23.1.) = ABKI (Cor. 2. 
to 2. 2.) =RSTU' (Contr ). S or 

Note. When the Side I K, inſtead of cutting (or 
touching), falls quite above the Circle, the Pro- 
blem will be impoſſible ; that is, no Rectangle ſo 
Erle as RS T U can poſſibly be inſcribed in the 
Eile. 


EY | ProBLEM 
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PROBLEM IV. 
2˙ inſeribe a T riangle, betwixt the Peripheries o f 
two given concentric Circles AC D, 9 PG, which 
— be ſimilar to a given Ti Triangle 2 4 B. 
co a er. 


HEE l Fo Draw the Radius' oc pa- 
rallel to AB, and the Sub- 


C NS i: AD tenſe CD perpendicular to 


5.) let a Segment of a Cir- 


Us & AOP; upon which (by 17. 
die CGD be deſcribed ca- 


| h gle BOP, and from the 
Point G, ' where it meets the leſſer Circle QP G, 
draw G C and GD, and let the latter of theſe: be 


produced to meet the Periphery of the greater Cir- 
cle in H; then join C, H, and enk will be the 
” Triangle required, n 


bDbzuonsr Aron. 


n Angles C 21 D po” POB being equal, by 
Conſtruction, their Supplements CGH and AOB 
muſt likewiſe be equal; therefore, the Angle CH G 


being, alſo, equal to COA (9. 3.) OA B(8:1.), 


the Triangles CGH and OAB are fimilar (Cor. to 
Ho 4. . Ea E. B- „ 

This Problem is impoſſible hea: the Circle 
CGD neither cuts, nor touches the Circle PQ. 


E | B pable of containing the An- 


% » ö p ; p57 x 1 f a 
* 2 8 * . „ 4 * 
* 21 Xt # £ . 5 8 2 4 
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1280 WF SY WW 


be that of R to S; and ,& — 


courſe A, let A be 
drawn, in which, pro; 
duced, take PQ to AP A. 


11811 


em s at V. 


Turo a given Point P, to draw a Right line DE, 
fo that the Parts thereof P E, PD, intercepted by that 


Point and two Lines AB, AC, gives 4 Fel tion, may 
: * a een Ratio. . 


con ven. 


Abc g Wes - * 


from the Point of Con- 


in the Ratio of S to R 
(by 13. 5.); draw Q D, parallel to BA, meeting 
AC in D; and draw DPE, and tbe Thing i is done. 


DemonesTRATION. 


Becauſe QD, is parallel to B Aj the Di 
APE, QP D are equiangular (8. 2); and there- 
fore E Fr PD: AP: PQ: 4: op: 8 * 
E. P. 

e PROBLEM VI. 2A 


1 2 8 


Thro' a given Point P, to draw a Righr line D E, 


berminating in two other. Right-lines| A B, AG, given 


by Poſition, ſo that the Rectangle under the Parts there- 


F P, EE,. intercepted by that Point. 2 theſe ones 
| ch be 2 ta a hat Square K R 2 . 
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CONSTRUCTION, 


From the given Inter- 
ſection A to the Point 
P draw AP, and in it 

produced take PQ a 
Third- proportional to 
Af and RS; upon 


bodf a Circle be deſcrib- 
ed containing an An- 
gle equal to BA P, and 


vhere it interſects AC, 
Thing is done. 


D x MONSTRAT ION. 


If QE be drawn, the Angle PEQ will be equal 


to DAP (BAP), by Confrr. ; and, therefore, EPO 


being = A PD, the Triangles AP D, EPQ will 
be equiangular, and fo AP: DP::EP: QP, and 
conſequently AP x QP= DP x EP: But (by Confer.) 
AP: RS:: RS: QP; whence APxQPis = 


RS, and conſequently DP X od alſo = RS*. 


2, ED. 


PROBLEM vn. 


2 a given Point P, equidiftant from two | Right | 


lines N and & N, given by Poſition, ta draw a 


Right-line R S, which, terminating in the two former, 


ſhall be — to a given * A B. 


ConsTRUCTI10ON. 


which let a Segment 


om either Point E, 


draw E PD, and * 


? 
7 


[ 153 ] 


— * 
7 
* 
— 


Cons TRUCTION. 


NO ON 


H 


Upon the given Line A B, let a Segment of a 


Circle AC B be deſcribed (by 17. 5), capable of 
containing the given Angle N QM, and let the 
whole Circle be completed; draw B D making the 


Angle ABD = NQP, and meeting the Circum- 
ference in D; make BH perpendicular to DB and 


: equal to P the Line drawn from P to the Point 


of Concourſe ; and about BH, as a Diameter, let 
a Circle FH GB be deſcribed, and thro* the Cen- 
ter thereof draw DG, mceting the Periphery in F 
and G; upon the Center D, thro' F, deſcribe an 


Arch interſeting AB in E; draw DEC, and alſo 


RS ſo as to make the Angle RSS = CEB, 


ans the * is done. 


DEMONSTRATION. 


From the Point © - where DC interſects the Pe- 
riphery, draw CA and CB: The Angle ABD be- 


ing equal to half N Q M, or ACB (by Conſtruction 


and Hypotheſis), and ACD = ABD (byCor.to 9. 3), 
it is evident that DCB (as well as ACD) 2 the 


half of ACB, and that the Triangles DCB,DBE, 


having 


* 

- 

4 Z. 
1 
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having D common and DCB = - DBE, are fimiler; 
therefore DC: DB:: DB: DE { 5. 4); and conſe- 


quently DC x DE = DB* (3. 4.) = DG x DF 


(Cor. to 17. 3); whence, DE 3 = DF (Canſer), 


DC muſt be DG (4. 2), and EC=EG =BH 


= Q (by Conſtr). Hence, becauſe the equiangu- 
lar Triangles ACE, RQ, and BCE, SQ have 
the Sides CE and PQ equal, their other Sides AE, 
RP and BE, SP will alſo be equal (20. 1), and con- 
ſequently AB (AE H＋ BE) = RS (RPS SP). 


ProBLEM VIII. 


Thro* a given Point P, betwixt two R ight-lines 


AB, AC, given by Poſition, ſo to draw a Right-line 


FPG, that. the Parts AF and AG of the two m— 
intercepted. by that Line and. the Tous of 5 
_ N 4 given Rais. > 


co 


1 ot) B > Kor: the given Ratio 
FT ona E, be that of R to 8, and 


S; draw DE, and, pa- 
rallel to DE, draw 


Dru AAT Io R 
n.86: : AD: baut. AG 4) 
D. i SA 3 


PROBLEM 


and in AC take A E 


— C FPG, and the Thing is 


.S. b 2 . Z Zz 0 


|= CB; and in 


CF; make nN 
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PROBLEM IX. 


6 T ro? a given Point P, to draw a Right-line EPF, 


which ſhall cut two Right-lines CG, CR, given by Tho 
fition, ſo that the Sum of the Segments CE and CF, 


intercepted by the Point of Ces C and the ro 
aua, E and F, may * ginn. 


ConsTRUCTION. 1 


Thro P (by the : 5 r 
precedent) let AB OO vr 

be drawn, ſo as 
to cut of AC 


CK let Cn be 
taken equal to 
half the given 
Sum of the SS If. + 
ments CE and Y* : 


nz and df] © 0 5572400 

NM, parallel to CG, meeting AB produced in 
M, and biſet AM in w: Upon A B let a Semi- 
circle A H B be deſcribed, and let PH, perpendi- . 
cular to AB, meet the Periphery thereof in H; 
and from the Center H, with a Radius equal to 


A W (or Mw), let an Arch be deſcribed interſect- 


ing AB in Q; make QR= Aw and draw RE, 


parallel to CK, meeting CG in E; ay draw 
BEV and the Thing is done... 72 Digs 


DzMonsTRATION. 


Join H,Q and draw FS and NI parallel to c 
and A M. 


| Then 7 


11 


Then PR R PSS PA x PB (by the precedent 


=P H* (Cor. 10 11. 4.) = QH* (QR*®) — QP* 


(Y Cor. 10 7.2.) =QR—QP xQRFQP (u 


6. 2.)=PRx QR +QP,; whence, it is manifeſt 


that PS=QR+QP; and, conſequently, that 


QS = — QR = Aw (by Conſtruction) : Therefore, 


ſince RS(QS+QR) =2Aw=AM(byConfr.); 
let RM, common, be taken away, and there will 


remain M S = (NID) = AR; whence, the Trian- 


gles NIF and ARE being <quiangular, NF is 
alſo = AE, and conſequently CE + CF = CA 


+ CN = CA + CB +2Bn = 2 CB+ 2Bn 


2 n. E. P. 


i za X. 


Pyro a given Point P, to draw a Rigbi line E EM 
which aal, two Nigbt- lines CG, C, given by Po- 
fition, in fuck. 

CE and CF, intercepted by the two Interſeftions and 


fort, that the Difference of the Segments 


the Point of Concourſe C, may be equal to a "hog 325 
line 15. 


ConsTaucrTiON. 


Thro' Plet ABbedrawn, 
ſo as to cut off CAS B 


take BN rs; draw NM, 
parallel to G C, meeting 
AB, produced, in M. and 
biſect AM in Q: Upon 

Aghlet a Semi- circle AHB 
be deſcribed, and let PH 
be perpendicular to AB, 


_ 1 meet the Periphery in H; join Q, H, and in 


QA take QR=QH,; draw RE, parallel to CK, 


meeting CG in E; laſtly draw EPF ny: CK 
in F, and the Thing „ | 


pray Dzmon- 


(by Probl. 8), and in BK 


alſo draw EH, and 


1 
DEMONSTRATION, 
Draw FS parallel to MN, and FI parallel to AM. 


| Becauſe of the parallel Lines AE, FS and ER, FB, 


it will be PR: PA:: PB: PS (by 12. 4), and there- 
fore PRx PSS PA xPB ( 3.4) : But PAx PB 


= PH* (by Cor. 10 11, 4.) = QH* (QR*) —QP* 
(h Cor. to 5.2.) = QR —QP x QR+QP (ay 


6.2.) =PRx QR+QP; therefore PR x PS 


is, alſo, equal to PR. QR-FQ P, and conſequently 
PS=QR—+QP,; from which let PQ, common, 


be taken away, and there will remain QS g QR; 


whence, QM being = QA (by Conftrution), SW 
(FI) will alfo = A R; and therefore, ſince the 


Triangles ARE, F IN are equiangular, AE is 
likewiſe = FN (&y 20.7), and 33 CF 
Nees ee AD. | 


PROBLEM XI. 


Three Right-lines A B, AC, AD, meeting in a given 
Point 4, being given by Poſition, ſo to draw a leigbt. 
line PS, from a given Point P, that the Parts thereof 
. R 8 nen 2 e Lines, may obtain 4 
Liven Ratio. 


ConsTRUCTION: 


Letthe given Ra 
tioof QR to RS be 
that of M to N: 

In AB, produced, 
take AE = M, and 
AF=N, and draw 
FH, parallel to A C, 
meeting AD in H; 


parallel to it draw 
P'S, and the Thing is 
done, | 


[18] 


Deus TRATION. 


| „eee of the parallel Lines, it will be A E (M): 
AF(N):EG:GH::QR:RS(6 4.4.) LB 


PrOBLE 2 XII. 


Annes m, u, and p, e. 


| 7 0 fad a ; Point P; From which Seve bee 5 
drawn to as many Right-lines AB, AC, BC, given by 
Poſition, may obtain the Ratio of three given Right- 


ConsTRUCTION. 


K 


Take AE 
and BF each 
e Wm, and 
draw EMand 


FN parallel 


to AB; in 
which take 
E Gg n, and 


FH ='p; 
thro* G and 
H draw AP 


and BP, and 


the Point of Concourſe, P, will be that which was 


to be determined. 


DEMONSTRATION, 
Upon the Sides of the Triangle ABC let fall 


the Perpendiculars GL, GK, PR, PQ, PS, and we 
GI, parallel to AC, be drawn. 


The Angle LEG being = LAK = GIK (Cor. 
"I to 8. 1) and L and K both Right- angles (by Con- 


Atrultion), 


e e Wt c. H. Ce mo 7 


; gien Points draw 
the Right- line 
AP; and let AF D 
be to BF in the Ra- 


8 _ — 
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ſtruction), the Triangles EG L and GIK are ſimi- 
lar ; and therefore IG (A E): EG::KG:LG(s. 
40% br KG: LG:: PE (13. 4) ; whence, 
by Equality, AE (m): E G (n) :: PQ: PR. By 
the very ſame Method of Reaſoning, it will ap- 
pear," that m: p:: QP: SP. & E. D. 


After the very ſame Manner the Problem may 


be conſtructed, when the Lines drawn from P, in- 


ſtead of being perpendicular, make any given An- 


gles with the Lines ues which they fall. 
E P ROBLEM XII 


From two given Points 4, B, P * two Right- 
lines AC, BC, which ſhall meet in a Right- line D E, 


given by Poſition, an alſo obtain a given Ratio. 


ConsTRUCTION: Ny 


- Thro? the two „ G E 


tio given; make P — AL hn — 
FO: AF:: BF: 0 P 


AF—BE, and, upon the Center O, with the Ra- 
dius OF, let the Semicircle F COP be deſcribed 
meeting the Right- line DE in C; © on A,C and 
B, C, and the Thing is done. 

The Demonſtration of which is . from 
Theorem XV. Book 4. From whence, it alſo ap- 


pears, that, by the ſame Method, 2 Right-lines 
may be drawn to meet in the Periphery of a Circle 


(or any other * ſo as to be to each other in a 


Paoninlk 


„ 
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PR > B L E M XIV. 


From two given Points A, B, to draw two Righe- 
lines AC, BC, which fhall meet in a Right-line DE, 


given by Poſe tion, and alſo have a given Difference. 


Cons TRUCTION. 


Let P be hs given Difference: 


'Draw AB, which biſe& in F, and take FG 2 


Third-proportional to2 AB and P Q; alſo take 
GIP Q and draw GH and IK, perpendicular 


to AB, meeting DE in H and K; join H, A, and 


from the Center K, with the Interval A B, let an 
Arch be deſcribed cutting HA, produced (if need 


be), in L; draw LK, and AC, parallel to it, 


meeting DE in C; laſtly draw BC, and the 7. Tm” 


15 's done. 


DEMONSTRATION. 


Ler CM be perpendicular to AB: Then, be- 
cauſe of the parallel Lines, KL (AB): AC :: 


KH: CH) ::GI(PQ) : GM, and conſequently 


ABxGM= ACxP Q (% 3 . 4.) Moreover, 


by Oonſtruction, 2 AB: PU: PQ; FG; _ 


fore 
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fore ABxFG=+*PQz; to which adding AB x 
GM=ACxPQ, we have ABxFM=ACxPQ 
+ + PQ? and therefore 2 KAB X FM =2 ACx 
P Q+ * But 2 ABR FM is alſo BC 

AC“ (by Cor. te 8. 2), therefore 2 AC x PQ+ 
P Q*is = BC*—A C* „or. AC T2 ACX PQ 


+ PQ*=BC*; that is X . = BC 


(by 5.2); whence AC+PQ= BC, and BU = 


AC=PQ. 2, ED: . 
After the ſame Manner the Problem may be 


conſtructed, when the Sum, inſtead of the Diffe- 


rence, of the Lines 1 is Sen. 
PR o u L E M X V. 


Tom a given Point A, without a Circ B Cv, 
given in Magnitude and Poſt tion, to draw a Right- 
line AC, in ſuch ſort that the Part thereof DC, in- 
ſeribed in the Circle, may be io the external Part AD 


in nr viz. that of n to m. 
Cons TRV T TO. 


Draw AK at 
pleafure, inwhich 
take AR = m, 

and RS = en; 
alſo, from the 
Center O, draw 
O A; join O, 8, 
and draw H R, 
parallel to OS, 
meeting AO in 
H; upon A H 
let a Semi -- circle 


be deſcribed cutting the given Circle i in D; laſtly A 


draw ADC, and the Thing is done. 


M DEMON- 
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DEMONSTRATION. 


TON AC let fall the Perpendicular 0 E, and 
NH, D. 

The Angle ADH, in a Semi: circle, being a 
Right-angle (11. 3), DH is Parallel to EO (9-1), 
and conſequently AD: DE(:: AH:HO):: AR 
(m): RS (In), by 4. 4 3 whence, AD: De: 
m: n; becauſe DC = 2 DE (i. .). L* 5. 


PROBLEM XVI. 


Tl bro a given Point P, in a given Circle ABDC, 
10 draw a Right-line A B, which, terminating in the 
Periphery, ſoall be equal to a given * R. 


co ehren. 


B Periphery, inſcribe the 
Subtenſe C D equal to RS 


(by 15. 3), upon which, 
from the Center O, let fall 


5 the Perpendicular OF; 


C — — alſo draw O P, upon 
g . Which, as a Diameter, let - 


R. — a Semi. ciicle be deſcribed, 


and in it apply the Sub- - 


tenſe OE 2 OF; laſtly, thro' P and E lex AB 
be drawn, and the Thing is done. 


Demons TRATION. 


3 the Angle AEO is a right one ( 11. 3) 
and OE = OF ( Conſtr.), i it is manifeſt that AB 
«= CD (9 3.5) = BS, RE. D. J 


From any Point C in the 


PROBLEM 


PR OB Lina XVII. | 


Tro a given Pbim P, in a given Circle C, to dr 
& Right-line AB; fo that the Parts thereof AP, BP, 
intercepted by that Point and the C fs of the 
Cin may have a owed: Diferency DE. | 


| \Cons7xTcTION. 
Fre rom this Centef * draw 
CP, upon which let a Semi- 
circle PQC be deſcribed, and 
in it apply PQ equal to half 
DE , producing the ſame, both 
ways, to meet the Circum- 
ference in A and B, and the 
Thing is done. 


DM r AAT T0. 


Draw c. which will bs perpendicular to 4 B 


5 (by. 11. 3.);- and therefore AQ = BQ and ſo BP 


(B ＋ 5 e F : 
& Contr. E B N 


Mp ROB LE M XVII. 
Rs a given Point. P, without a Cirels A 29, 


given in Magnitude and Poſition, to draw a Right. 


line PR, to terminate: in the oppoſite Periphery, Pet 
10 be divided, at its biber Interſection with the wh 


Pbery, according to Extreme and Mean. nn 5 
nee PR: AR: RR: PY 8 


M3 Con- 


1 
Conn ð en. 


R CP; upon which let a Semi- 


cutting the given Circle in 
T; draw PT, and from 
any Point A 4nſcribe AB 
equal to it; make CE per- 

pendicular to AB, and, upon 


i FE ſcribed interſecting CTP 
B : 2 bing 15 done. 
buen TAT 8. 


Join C, T and C. H. | 
The Angtes PTC and PHC being both Right 


angles (by 11. 3), it is evident that PT and PR are 


- 5 to the two concentric * AR T and 


H, and that OR (= AB, ꝙ 2. 3.) =P T: But 
PR x P PT” (OR) 9 K. = 17.3; there- 
——_— R:: QR: Qb 3-4): VE. D. 


ProBLEM XIX. 
Jo Kw a Rightline EC, to make given Ang les 


. witha Right-line MN paſſing thro” the common Center 


©; of two given concentric Circles MEN, XD, fo 


that the Parts thereof CD, E D, interc epted. by that 
Tine and the Peripheries of the * le 5 obtain 


Le a Ratio. 


JL | 


From the Center 0 draw 
circle CTP be deſcribed 


the Center C, thro' E let 
another Circle: EH be de- 


7 in H; draw PH R, and the 


enn eg e 


* A S , 9 S 


re 


Angle which E C is to make 


duced, Jet KA be ſo taken, 
as to be to the Radius OK, in 
the given Ratio of ED to 
CD; upon which let a Seg- 

ment of a Circle AB K be de- x 
ſcribed to contain an Angle 


from its Interſection B, with 


L 16% 

Conne ais 
Let QON be the given | ; 
with NC; and in OK, pro- 


equal to the Angle QO P; and, 


the Circle MEN, draw BA, 
parallel to which, draw the adius 0D; 700 thro? 
D, draw EC parallel o QO, and * Thing is done. 


 Damons TRATION, 14 » 


Js 


Draw BK, BO ES. EO; alſo a EP, parallel 


to DO, meeting OQ and OM in Qand P. 


Then, the Triangles AK B, POQ, having ABK 
= POQ (4 Conftruftion), and KAB = OP Q (by 


8. 1), have their external Angles OKB and EO 
alſo equal to each other (by 10: 1.): Whence, be- 


cauſe EQ (= OD)'= OK and EO ='BO, there- 
fore is OQ = KB (by 21. 1); therefore, the Tri- 


angles POQ, ABK being equiangular, PQ is alſo 
= AK (by 20. 1.): But (becauſe of the parallel 


Lines) OO (ED): CI 1 baten 
X E. D. 85 Ae on ore ee 


ra RR. 


7 0 irs a Right-line F B D, to make N 8 | 


with a We ER 7751 5 thro* the Centers of two 


M 3 : given 


2661 


given Circles E FR, AB D, ſo that the Part thereof 
BF, intercepted by the two works, may alſo be of 
4 given Length. 


* 


eee. . 


F rom the Genter 0. 
I of the Circle ABD. 
Jet CH be drawn ma- 
king the ſame Angles 
| with ER, as FQis to 
I make; in which take 
O equal to the given 
1 L and upon P, 
as a Center, with the 
Radius CA, let an 
Arch be deſcriberl in- 


terſecting the Periphe- 
ry EFR in R; draw FBQ- parallel. to HC, and 


be Ti 1 af done. 


„ 


Dean Aren. 


t. PE; CF, and CB be. drawn : : Then, * 
he Trianglet CBE, CPF have CB PF (Conſtr.), 
CFB = FCP (8. 1.), and CF common; their o- 
ther Sides BE wo CP will 0 be . 8 * 10. 

2 E. 1 i 


294 1 * 0 B x E M XXI. 


5 


2 


25 Low a N24 AB, thro = owes Point P, t 
terminate in the Peripheries of two Circles C and O, 
given in Magnitude and Poſition, ſo that the Parts 
0 i '4 P 5 ' my ein a ee HY: OY 


* F 
4 — 


E „ | Con- 


5 


E 
ConsTRUCTION,. 


From the Center 
O draw OP cut- 
ting the Circle O 
in N; which pro- 
duce to Q, ſo that 
PQ may be to PO 
in the given Ratio 
of PA to PB; then 
take QM to ON 
in the ſame Ratio; 
and upon the Cen- 


ter Q, with the Interval QM. let a Circle be de- | 


ſcribed interſecting the Circle C in the Point A; 


draw AQ, and alſo APB meeting OB, parallel to 
A in B, and the Thing is done. 


DEMONSTRATION. 
Becauſe the Triangles QPA,O PB are equi- 


| angular (5. and 8. 1.), it is manifeſt that PQ: - by: 


AP: BP (5.4.). Moreover, becauſe QP: OP:: 


2 7 02 OB ( 5. 4. ), and QP: OP: QM 
(by Conſtruction), therefore is OB = ON; 


5 8 it is, alſo, manifeſt, that the Point B falls 


in the en of the Circle O. &. E. D. 


8 8 


PROBLEM, XXII. 


"Hs a given Point P, in a Right-line PCO pang 
thro” the Centers C and 0 of two Circles O E A, Cu 
given in Magnitude and Poſition, ſo to draw a Right- 


*. 


line P E that the Parts thereof EF and G H, inter- 


WA b thoſe 0 ircles, may be equal, 


4 * 14 „ 
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ConsTRUCTION. 


Make CQ = the Radius OA, and take CR to 


CQ: in the Ratio of PC to PO; upon QR and 


PC let two Semi- circles QS R and CvP be de- 


fſcribed, and thro' the Point 8, where the former 


interſects the Circle CHG, draw Qw meeting the 
Periphery of the ſame Circle in w; alſo, in the 
other Semicircle inſcribe Cy = S, and thro' v 
draw PE, and the Thing is don. | 


DEMONSTRATION. _ 


Draw OM and Cn perpendicular to PE and 
Qw reſpectively; alſo, let OF, RS, CS and CH | 


be drawn. 


The Angles QSR,PyC being right ones (by 


11.3.), the Lines RS, Cn and Cy, OM will be 
parallel: Therefore, Sn: Qn :: CR. C Q (94. 


4.) :: PC: PO (by Conſtr.); alſo CV: OM: : PC: 


PO (by 5. 4.) ; whence (by Equality) Sn: Qn :: Cv: 
OM; therefore, Sn (5 S w) being = Cv (by Con- 


firufign), Qu is alſo = OM ; whence, as OF is 


= C Q (by ConftruFion), FM will be= Cn (4.7.1). 
But Cn is = Hy (&y 7. 1.), becauſe Cy = Sn and 


CH=CS, therefore FM is ao = H»% ad —- 
conſequently FE (2 FM) = HG(2Hyv.) . E. D. 
| 5 x” PROBLEM 


. 
* e, 


bo 6 S. 


vo ENS I ks AJ 


"0 


= draw OA, in 


Ratio of AD to 
AB (by 13.5), and 


draw CE, perpen- 


becauſe of the Parallel- lines EF, OG, it will be, 


Part thereof 2 R, intercepted by the two nn 


136% 
PROBLEM XXIII. 


From the Point of Interſection A, of two given Cir- 
cles C and O, ſo to draw a Right-line AB, that the 
Subtenſes AB and A D, made Ws ”_ obtain a 


given Ratio. 


Cons TRUCTION. 60 

9 3 — the Center 
which take AE to 
AO in the given 
from the Center C 
dicular to which 


draw AB, and the _ 
als is done. | 


DEMONSTRATION, | 
Upon AB let fall the Perpendicular OG then, 


AE: AO:: AFA (5. 4.95 eee 
(2 AG). QED. vw 


PROBLEM xv. 


From the Point of Inter ſection P, 0 Jo given 
Circles O, C, ſo to draw a Riebt-lins Þ R,. that the 


may be equal to a gives F AR TE +. 


Con- 


 ConsTR ver ION. 


Upon the Right Une 


5 Centers, let a Semicircle 
O D be deſcribed, in 
which apply OD equal 


OD, draw PR, and the 
. Thing is dove. this 


 DzMonsTRATION, 


Draw the Right-line CED, meeting PR in E, 


alſo draw OF, parallel to CD, meeting PR in F: 


Then, the Angle ODC being right (1x. 3), and 


PR parallel to DO ( Conſtruction), E and F will 
alſo be Right-angles, and EF = DO (23. I.): 
Therefore, PE — PF being (= DO) = 2 AB, it 
1s manifeſt, that 2PE <a P'F * = AB: 
or ct = AB. 2 E. D 


r 0 1 2 XXV. 


2 o draw a Right-line DF jo cut three Righe Tine 
AB, AG and_BC, given by Poſition, ſo that the Parts 


thereof DE, E F, intercepted by thoſe Lines, may be 


N N to two gon Right lines 4 6, 35 


* d 


Con- 


OC, joining the two 


+ AB; and, parallel to 


W er 


[wr] 


CONnNSTRUCTIQN, 


Upon ef de- 1 

feribe a Seg- Ub 
ment of a Cir- 
cle fce capa- 
ble of contain- 
ing the Angle 
GCE (by 17. 
5), and upon df 
(de ＋ ef) let 9 
another Seg- 4 >— 28  - Bl 
ment fad/be „ > 
deſcribed to contain an Angle equal to A; then 1 

draw fa (by the precedent) ſo that the Part ac, inter- 

_ Cepted by the two Peripheries, may be equal to 
AC; join 4,4, and take AF Af, AD == 2 and 
2 D F, and the Thing 5 is done. . 


e 
5 
e 
0 
| 
: 


24 | DewonerRATION. 


7 be © Triangles F AD, fad, having AF = of, 
A D = ad, and Aa (by Conſtruction), are equal in 
all Reſpects; and therefore (if ce be drawn) the 
Triangles F CE, Fee having FCE = fee, and FC 
—f c (beſides FH, will alſo be equal and alike: 
Therefore, ſeeing the Wholes DF, df, and the 
Parts FE,fe are equal, the remaining Parts DE 
and de muſt, e be equal.” V3 E. D. 


K 2 0 B L E 1 XXV I. 
Jo di weed. 4 given Rig bh line 22 into thret cb g 


Parts, that their Squares may obtain the Ratio ＋ three 
: give N AH, 6 ond C N. 


Con- 


222 


ü ow 56 and F, and the N is done. 


1 152 ] 


ConsTRUCTION, 


1 pon AH deſcribe a Semi circle ATH; 40 f 


A He take A S=BD and AR=CN; make S Land 


R perpendicular ro A H meeting the Periphery 
in L and T, and join A, L. and A, I; from the 


Point P * PM, making any Angle with . 


at pleaſure; in which take PA AH, ab = AL, 
and M= AT; draw QM. parallel to which, 


ES £ * 


DxmonsTRATION. 3 


_ 


: Since PE:FG: Pe (AHD L. Y 24 


| therefore | is PE*: Fo-: AH; AL“ (by Cor. 1. 10 


9. 4.); but AL* = AHxAS (by Cor. to 11. 4.) 
8 FG*'::AH*: AH x AS:: 
AH: As (BD, by 1. 4.). In the very ſame Man- 
ner it is proved that PF*: :GQ*' AH: CN. 

Note. By the ſame Method a given Right. line 
may be divided into any other Number of Parts, 


in ſuch ſort that ſimilar Figures made upon them 


9 ä 


F TY 


ET at oi db con air. reg Tn 


another 1 in any given Ratio. 


2 make given Angles with each other. 


let a Segment of a Circle 
' APB be deſcribed capable A. 


AD. e D. 


[1931] 


(whether Squares, Triangles, &c.) may be to © one 


? 


PROBLEM ANVIL 1 4 


Aer Points A, B, C Jetty given, to ae 2 
th, where Lines, drawn from the Jas NY 


C ONSTRUCTION: 


1 AB, upon which 


of containing the given An- 
gle which the Lines drawn 
from A and B are to in- 
clude, and let the whole 
Circle be completed; make 
the Angle ABD equal to 
the given Angle which the 
Lines drawn from A and C are to I ; — 
from the Point D, where BD meets the Periphery, 
thro C let DP be drawn, meeting the e 
in P, which will be the Point required. 


"DuzMONSTRATION 


"nated BP be drawn. 

The Angle APB is equal to the given * 
which the Lines drawn from A and B are to in- 
clude (y Conſtruction). And, it is manifeſt that, 
APC = ABD, both N on the ſame ea 


CY * * 1 ** 


— 


PROBLEM 


Try. 


=, IRR 
PROBIL E * XXVII. 
From a given Point G to draw two. Rigbt. lines C 4; 
CB to terminate in two other Right-lines PM, PN, 
given by Poſition, and which, together with the Line 
A B, joining their Extremes, 72 
ABC ſimilar to a given Triangle a b c. 
Cons TRUCTION. 


4AP ; Upon ab leta Seg- 


a pb be deſcribed 


gle equal to MN, 
B and let the whole 


NN ted; draw PC and 


alſo ae making 


the Angle Bae = CPN, and interſecting the Pe- 
riphery in e, and, thro' c, draw ep meeting the 
Periphery in p; make the Angles PCA, PCB re- 


* 


ſpectively equal to the Angles p ca, pc; then 


Join A, B, and the Thing is done. 
DE MONSTRAT TON. 


Let pa and 5 5 be drawn. 


The Angle 5% (CPB) is = £95, both ſtanding 


on the ſame Arch be; therefore, A PB being, alſo, 


= apb (by Conſtruction), the remaining Angles 


APC and apc muſt conſequently be equal; whence, 
as PCA =pca, and PCB=pcb (by Confiruttion), 
the Triangles A PC, apc and BPC, bpc are equi- 
angular, and ſo AC: ac (:: PC : pc) : CB: ch: 
Therefore the Triangles ABC, a6 c, having the 
5 | | Sides 


all form a Triangle 


ment of a Circle 


to contain an An- 


N Circle be comple- 


P 


biſecting Line, in which, pro- 


5 „ : 
Sides about the equal Angles AC B, ach propors 
tional, are like to each aher (by. 5« 4. 2, E. D 


t 
© 


PropLem o 50.5 


"og 0 deſcribe a 7 anal bree F the two Sides and 
the Right-line drawn from : the vertical Angle to biſect 
the . ſhall be given. 


ConsTRUCTION... 
MakeCD equal to the given 5 0 


duced, take DE = CD, and 
from the Centers C and „„ ͤ 2 
with Radii equal to the two A 

iven Sides, let two: Arches 
be deſcribed interſecting each 
other in A; draw ADB, and 
make DB = AD; draw CA 
and CB, and then ABC will 
by the Triangle required. 


DEMONSTRATION. 
Let AE be drawn: Then, becauſe CD= = DE | 


DB=D A. (by Conſtruction), and alſo the Angle 


CDB = the Angle EDA, therefore will c B be 
likewiſe equal to AE. 2, E. D. ES 


PROBLEM NA 


2 deſeribe a 75 ah whereof the vertical * 
and the Difference of the Sides including it, ſhall be 
given; and wherein a Right-line drawn from the Ver- 
tex, making given Angles with thoſe Sides and termi- 
an in 408 Ar: 72 x. be 5 a "_ 1 


IP 1% 4 


Ca : 


[196] 


Cons TRUCTION. 


Bo Make GCK equal to the 
given vertical Argle, and 


draw CT ſo as to make 
the Angles GCT and 
KCI equal to the other 
T two given Angles; in CT 


2 ** | 1 take CP equal to the given 
G T 


Line; then thro' P, 


K 77h. 10th, let the Right- 


line EPF be drawn fo 


that C F may woken CE by the given Difference 
of the Sides, and CEF will be the Triangle re- 


. quired as is manifeſt from the Conſtruction. 


After the ſame Manner, by help of Prob. gth, 


the Triangle may be conſtructed, when the Sum, 
inſtead of the Difference, of the two Sides is given. 


PROBLEM XXXI. 


To deferibe a T riangle, whereof the Difference of the 


Sides, and the Difference of the Segments of the Baſe 
' (made by a Perpendicular falling from the Vertex) ſhall 
be given, and whereof the Difference of the Angles at 


A the re be equal to haif the Angle at * Vertex. 


co f on. 


In the indefiaice 
Right-line E P, 
take B C equal 
to the Difference 
of the Sides, and 


. 
« 
- D 
bY 


e Difference of the 
Segment of the Baſe ; ; and * BC make an iſo- 


celes | 


-P BA equal to the 


. 


+! 


: 7 ; 
15 * * «+, 9 \ * 
1 r 2 8 * po = Pho. EY n 1 


oy 


ning Tu AOAND 


8.508 


ſceles Triangle BCD, whoſe Side BD or CD is e- 


qual to BA; alſo make the Angle BDE = BDC 

draw AF, parallel to ED, meeting BD in F, and 

FH, parallel to DC, meeting EP in H; then 

will AH F be the Triangle required. 
| D R * oN 8 TR A 7 10 N. 


In FA take FG = FB, and join B, G. 


Since, by Conſtruction, AF is parallel to ED, 
and FH to D C, and the Angle BDE = CDB, 


therefore is AFB alſo H FB; and conſequently 
AHF (HBF) —H A F, being A FB (4y 10. 1.) 
is equal to half the vertical Angle AF H. More- 
over, becauſe the iſoſceles Triangles BEG, BF H 
have BEG = BFH and one Side BF common, 
not only their Baſes B G, BH, and remaining An- 


gles BGF, HBF, c. but allo AGB and AB F 


the Supplements of thoſe Angles will be equal: 
Therefore, the Triangles AGB, ABF, as well as 


BEH and BDC being equiangular, it will be, 


G: AG:: BF: AB (BD)::BH:BC (4y5.4.); 


whence, becauſe the Antecedents BG, BH are 


| equal, the Conſequents A G and BC are alſo equal, 2 
and therefore AF FH (AG) =BC. & E. D. 


. ; Ee . 23 3 Sa 
: 4 v. 2 „ 7 * I» „ F F ” F * ; 3 
5 | L | P | i J ; | * XXXII | | 
| OBLEM- * : 
| TY % 2 : 1 " 


To deſerite a Triangle, whertof one Angle, the Sum 
of the two Sides including it, and the. Perpendiculat, 


Flallint from thence on the oppoſite Side, ſhall be all given, 


0 


* « 
— — 
x — J 
4 


_—_> * 


— — — — — — — — — — 
— 


1781 


ConsraucTIoN, 


Make R NQ and 8 NC eh Or to. half 
he. given Angle, and make NM perpendicular t. to 
NR, and equal to the given f erpendicular; more- 
over draw MC, parallel to NR, meeting NQ in 
C, and thro? che Point C let AT be drawn, by 
Prob. VII. equal to the given Sum of the Sides, 


ſo. as to terminate in NR and NS; make the Ah- 


gle ACB ny 45 to ANT, aud 4e e 


7 muy n 


D TAAT 10 


Upon NR and NS. let f | the Pe ndicu- 
lars CP and CLI. 1 ht | 

The Angle ACB is equal to the given Angle 
by Conſtruttion: and, it is manifeſt, that PC 1 alſo 
equal to (N M) the given Per endicular. ore- 
over, the Triangles AC B, ATN, having ACB 
= ANT (by Conftr.), and A common, have alſo 


ABC (PBC)= ATN (CTL); therefore, fince 
CP = CL (becauſe CNP = CNL, by Conſtr.), it 


is likewiſe evident, that CB = CT, and conſe- 
Pry AC+CB(=AC+CT)=AT: SED. 


e = 1 PROBLEM | 


ES. oak as of dn 


DE, perpendicular to AB, 
— chro E, from the Cen- 


the 2225 is done. x ; an | I 


\ 279 ] 
ProOB LE, M XXXUL 


7 0: * a Rigbi-line F G parallel to one Side 3 
# 4 given Triangle ABC, ſo that the Triangle AFG, 
tut off Al _— on 7 the whole 2 in a given 

10. 1. 


| CongraverioN. 


* the given Ratio 8 
that of ABto AD; upon 
AB let a Semi-circle AEB 
be deſcribed; and draw © 


meeting the Periphery | To Wt 
A, deſeribe E F inter- 


chain AB in F; draw 
FG parallel to BC. 11,5 


o 4 * 
* 7 (Daine 
2 2271 34 tx 


D of I Ext BP Ge gs 


Let AE bl Aden i Mie AE* (AF!) = aD 
* AB (by Cor. to 11. 4.): But ABC: AFG: AB*: 


AR®(AD*AB)& AB: e a 1. 4). 
r * ä 9 : 0 r 1 * : 


oy 3 > 4 , ; 1 5 3 4 
den Gew d N A Ve e Te vv ee N 


ING 2.4 A * 5 4 6 1 K 211 


To draw a Right-line K T, parallel to a given Rinks 


line AG, which ſpall cut two other Right-lines AC, 


vr. River by Poſition, in ſuch fort that the Triangle 
formed thereby and the two given Lines, may - 


45 ual to a given ReBangie ADEF. 


N 2 | Cons 


[ 180 } 


Convraverion. 


* e e and A Cin G and H; 


a Mean -proportional 


a B EF; draw K L pa- 
Ar D K  mlſelw AG, and the 
55 Thing is due. * 

8 8 | 


: 


Since : AR: EE (by Confir.), AK. | 


5=GHx2 EF (by 3.4.) : Therefore, the Tri- 
angles AK IH CA being equiangular, we have 


AKL: HGA :: GH x 2EF(AK*):GH2* (by 


17.4.) :: EF: 16H: EF x AF (ADE F): 
1GH x AF (HGA, 5 1. 4.): Therefore, the 
Conſequents being equal, the Antecedents AKL 


n qa alſo be . EK. D. 


4: ew; a Righe-line EF, thro a given Pont P. 


between two Right-lines A B, AC, 772 ** Poſrion, 
ther 


fo that the Triangle A EE, forme eby and the 


3 may be equal. i 4 Loa . 
"34 72 n 7 "> l : ö d 24 


c Let FE produced 
L- (if need be) meet AG | 


and, in AB, take AK 
e - berweent GH and 2 


Q 
Mm 
Q 
Te 
Z 
di 
8 
8 
* 
1 


4 Ou©tet. 3 


No = FN WA, 


— 


a 


meeting AC in £57 


deſcribed equal to 


1 181 } 


ConareuecTION: 


Thro' P, pa- 
rallel to AB, let 
QPR be drawn 


2 d upon AQ 47 
gram; ASRQ be | 


S T h 7. 6); in 
SB take S F equal 
to the Side of the Square which 3 8 


| 28 (by 3-6.) draw FPE, and the Thing is 58 


85 Dp ATR. 1 55 


- The > Triangles SFH, PRH + QPE, being 
en are as the Squares of their homologous 
Sides (by 17. 4. ); therefore, ſince SF? = 
PR“ (by Conſtructiou), it is manifeſt, that SFH +. 
QPE is alſo = PRH; to which let AS H 
common, be added, and . 1 Ae = ASR 


| Paon 2M XXAVL, 


* a given Poly en ABCDEFH, to cut. 4 2 
4 Part AHFKI. equal to 4 given Refang le MN, bs 
a Right-line IK, either, parallel to a given Right, 


ine dt, or pſig ev a ghee Phe F; 


N 3 


11621 


cv,, 


E Let BA and 
K D Ep be produ- 
ced to meet 
each other in 
6; and upon 
1 5 ON iet a Rect- | 
angle QQibe 
- conſtituted 15 
uy | . 6.)-equa 
£ AGF d — 
by one of the 
two laſt Pro- 
= blems (accord 
ing to the Caſe propo ſed); draw: IK: ſo as to make 
the Triangle GK I MQ, and the Thing is done. 
The Demonſtration hereof is maaifef from the 
Conſtruction. Gwalups 
Aſter the ſame 22 the Polygon may. be. as: 
vided accordin ag to given. Ratio; becauſe, the 
whole bels given, each Fer will alſo be HO 


FAC 


A 1 GE nne 


PROBLEM XXXVIL e 


To determins bs Pofttion of 'a Point P, from hence 
Lines drawn Jo the Extremes of three Right-lines AB, 


CD. E, given in and Potion, may form 
IBree Triangles ABP, Fa m EPF Rs 70 
each other.” 1 N = 285 N e Ms * a IF 


mY. 1 1 1 5 ©” . 
* 4 . * q * > 5 . ry 2 F- 4 ; 4 z 4 \ U 2 1 ©, ® 


- "4 1 GLOSSY #35 


eee. 


G L .. : & 


T7” 


 ConsiTiverion = 


Let the given Lines, produced, meet each other 


in G and H; in which take Gm AB, Hs= EE, 


and Gn, Hr, each, equal to CD; compleat the 
Parallelograms Gmpn, Hrts, and let the Diago- 
nals Gp, H t be produced till they meet in P, and 


* 


- 


* 


5 * 1 
* % 6 
18 5 Ss % E ; % 
. r.. : "af * 8 
7 22 9 1 4 1 * 5 5 L 
1 5 3 8 6 1＋ 1 5 : es IS l 
Dr MONSTRATION, 
. o 4 5 
+ 2 * . 1 * , > , ; BY, f IX. 
Ki i I * es, a 1 8 1 * Nn * V 
: \ * * 


Let PA, PB, Pm, Co be drawn. 
Sine the Triangles G pn, G pm, ftanding upon 


the ſame Baſe Gp, are equal (by Cor. 1. 10 2. 2), 


the Triahgles G Pn, GPm will alſo be equal (% 


Cor. 2. 10 2. 2); but C PD G Pn, and APB 
Pm ( Cor. 2. 10 2. 2.) ; whence CP D and A PB 
are likewiſe equal: By the very ſame Reaſoning, 
it is proved, that CPD and F PE are equal. 
$358 | l 
. This Problem may be conſtructed, when 
the Triangles, inſtead of being equal, are in a 
given Ratio; by taking Gn to CD in the Ratio 


of APB to CPD; 20d Hr to CD inthe Ratio 


N 4 OE. 


{ 184 1 


ef EPP to CPD; 1 the reſt of the Conftrattion 


being _ the ſame. 


PROBLEM XXXVIIL 


"Ms Right-lines 4 B, A 0. meeting in a Point A, 
being given both in Length and Poſition; to m 
the Length and Poſition of another Right-line A I, 
drawn from the Paint of Concourſe A, fo that two Per- 
pendiculars IP, INM, falling frem the other Extreme 
thereof upon the two firſt Lines, ſhall cut off the alter- 
rate Segments BP, CN in a given * wa, to 4 1 
the e drawn. . 


ConTrnverioN 
Let the Lines 


* 


— 
— IS AL, BP, and CN 
3 be to each other 


as p, q; and r re- 
p Ray. Tako 
BE q, CL r, 
I aud make BD, 
EG, CD, and 


5 * r NE 8 lar to AB and 
„ B BAG meniagin 

D and G; draw 

l no from yes Center 8. on the In- 


terval p, let an Arch be deſcribed interſecting AD 


in ; draw HG, and AI, parallel to it, meeting DG i 


produced (if need be) 1 in I, and the Thing is . 


| Dx MWonsTRATION 
| Becauſe of the parallel Lines, it will be Al: 


To 


GH F TO : GD) * * whence, . 


I ſperpendicu- 


4 a . 


1 * 


= TT w' u*=” 


| bitect in E, by th 


meeting CD in F; 
alſo from any Point 


| 4 1851 
ly, AI: BP.:: GH (p) : BE (g. By the Gi 
Method of Arguing i it will appear F AI: CN 
1 7. A | 


Prone n XXXIX. 


3 Arbe a l thro* two given ab A, B, 
which ſhall touch a Right-line CD given by Poſition. © 


ConsTxucTION. | 
"Draw AB, which, N n 


Perpendicular E F 


H in that Line draw 

HG pe . 

CD; from the Center — 

H, with the Interval 15 . & F 


HG, let an Arch be 

deſcribed cutting BF (the Lines joining B, F) i in I; 
draw IH, and BK parallel to it meeting E F in 
K, and from the Center K, with the Radius BK, 


le S de deſeribed, and the Thing is done. © 


DpMonsTRATION. 


* KA and draw KL perpendicular to CP: 


” Then, becauſe of the parallel Lines KL, HG; 
KB, HI, it will be HG: HI: : KL: KB; whence 
as: HG and HI are equal, by Conſtruſt ion, KL and 


KB are equal likewiſe. But it is evident, from the 


' Conſtruction, that KA is = KB; therefore KB= 
haart 2 E. N | 


* 7A Note. | 


[ 186 1 
More. Sit Ade the * which cuts B F in I, . 


its (if continued) cut it in another Point 7, it is ö | 


evident, from the ſame Demonſtration, that, if Bk 
be drawn, parallel to H z, interſecting FE in k, 
the Point & will be the Center of another Circle 
anſwering the Conditions required. Underſtand 
the like in the Conftrudtion o the two TS 


n XL. 


To deſcribe a Circle, thro" a given Point A, which 
Jhall —_ two Right-lines BC,BD given in * ion, 


/ConsrTxu C #4 0 OE, 
HE \ > 7 ”" 
-T From Bthe Point 


ICEM SA of Concourſe of 
* the two given 
5 NN - Lines draw BA, 

| and biſect the 

I Angle DBC by 
the Right - line 
„BN, from any 
8 Point Ein vrhic — 
TL 2 upon B C, let 
9 C the Perpendicu- 
= lar EF,; alſo from 

the ſame Point E, as a 1 with the Radius 
EF, let an Arch be deſcribed interſecting BA in 
G; draw GE, and AH, parallel to it, meeting 

BE in H; laſtiy, from the Center H, with the 
Interval H A, let a Circle * deſcribed, 4 the 


Thing is done. s 56 i # 


a. 1 1 8 * 


DEMONSTRATION. 


' UponBC and BD let fall the Perpendiculars Hl 


* HK, which are, es equal (from the 
Con- 


[ 187 ] 
ConftruZion): PEW" by reaſon of the parallel 
Lines, we have EF: EG:: HI: HA; whence, 
E F and EG being Joch, HI and HA are allp 
equal. V E. D. 


PROBLEM xl. 


Ts — 4 Circle which ſhall bauch twe Right. 
limes BC and BD, given by Poſition, and likewiſe 
ane Girl Aa M,. given in Magnitude and ha ſti, 


| ConvrrucTION.. 


DN 
| VHS. 
9 | 24 — C 
— 1 71 K - — an 


. PQ parallel to BC, at the Diſtance of tha . 
Radius A a; and, thro? B, the Point of Concourſe 


of the two given Lines, draw the Right-line NBP, 
biſecting the Angle CBD, and meeting PQ in P; 
moreover, from any Point E in PN, upon P let 
fall the Perpendicular EF, and from the ame 
Point, as a Center, with the Radius E F, let an 


Arch be deſcribed interſecting the Line joining 
P, A in G; draw GE, and A H, parallel thereto, 
meeting the Periphery of the given Circle in M 
1 *. , PN i in M, from which ww 


| 
| 
| 
| 


4 R 
r o RO Arts er 1 Wo Petoars, AS i IO A 6; 


EN [ 188 | 
Point, as a Center, thro' M, - deſcribe a Circles 


D ERMONMSTRATTLO R. 


Draw HS perpendicular to BD, and HK to 
PQ, interſecting BC in J. 

_ Becauſe of the parallel Lines, we have EG: EF 
HA: HK; therefore, EG and EF being equal 
(by Conftr.), HA and HK are likewiſe equal; from 
which take away the equal Quantities KI and AM 
(Aa), and the Remainders HI and HM will be 
equal: But, it is evident, that HI is = HS, be- 
cauſe BH biſects the Angle IBS; therefore k HI 


 ['PrRoBLEM XLII. 
To deſeribe a Circle, thro two given Points A, B, 
which ſhall touch another Circle CDH given in Pf. 
tion and Magnitude. . EE ED 
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the given Circle, draw CP biſecting AB in P, 
upon which Point, as a Center, at the Diſtance of 
PA (or PB), let an Arch be deſcribed interſecting 
the Periphery HDQ in Q from Q, perpendi- 
cular. to CP, draw QG F, meeting A E in F; 
and from F draw F D to touch the Citcle C H 
in D; then thro' the three Points A, B, D let a 
Circle be deſcribed, and the Thing is done. 5 


DEMONSTRATION. 


Let CF;CD,CQ and PQ be drawn: Then, 
PF*—PQ3*(PA*)=(FG* —QG*)CF*—CQ* 
(CD/); but PF*—PA* = AFx BF (by 17.3.), 
and CF — CD* = FD; whence, AF x BF = 
FD*; therefore the Circle ABD, touching the 
Right-line AD in D (SY 5. 3, and Def. . 3.), alſo 
touches the other Circle in the ſame Point. Q. E. D. 


Note. If the Arch » Q ſhould not cut, but fall 
ſhort of, the Circle CHD (which ſometimes will 
happen); then, inſtead of PQ (PA) and CQ (CD), 
you may take any two other Radii Pq and Cq 
whoſe Difference of Squares is the ſame. The 
Reaſon whereof 1s evident from the Demonſtration; 
which, .in this Caſe, will be exactly the ſame as 
above. Moreover, if you would have the required 
Circle be touched inwardly by the given Circle, 


' «the Proceſs will be the very ſame; only, inſtead of | 


FD, you muſt take the other Tangent Fd drawn 
eh the ſame Fore... Oo on 
The ſeyeral Caſes of this Problem may likewiſe 
be conſttudted by help of Prob. 14th; that is, by 
finding a Point O, in the Right-line PR, perpen- 
dicular to the Middle of AB, from whenee Lanes, 
drawn to the given Points B and C, may have the 


given Difference CD; the Point ſo found being, 


Center of the required Cirele. 
x” | PROBLEM 


manifeſtly, 'the 


_ x 
Fa ROBLE * XI III: 11 705 = 


25 b bes. 30 rele, thro' a given Point 4; hich 


1 touch a Right-line P D, given by Paſition, and 
likewiſe another Circle B HI, Eiven in e - 
Pojirion. | 
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Up on PH let fall che e Ac, A8 


em the Center B draw B A, cutting the Periphery 
of the given Circle in H; biſect AB in E, and 
take EF a Third- -proportional to 2 AB and BH; 
and draw A O (y Prob. 38.) ſo, that, the Perpen- 


diculars ON and OM being let fall upon AC and 


AB, the Lines AO and CN may be equal one to 
the other, and have each the Ratio to F M which 
AB has to BH: Then, from the Center O, thro” 
| A, * a Circle be deſcribed, a the Thing is do 
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DET 14 110 F. 


Since (by Conftr. ) CNS A0, it is plain eint tit 
Cixcle O touches the Right line P D : But, to prove 
that it alſo touches thè Circle B, let BO be drawn, 


* 


nterſecting the Circle OA Qin, the Point I; then, 


fince & .Conftr.) 2 2 A B.: BH: BH E Fant B: 
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AB: BH: 40 FM, we ſhall. bare A Bx BF 
= *BHz, and A B FM =BH x AO; whence 
AB EM (AB x EFAB x FM)=z BH 


BH * AO, and conſequently AB x2 E M = BH* 
＋ 2 AOxBH; but AB x 2 EM is 2 BO*— 


AO (58. 2.), therefore BO = AO* is like- "4 


wiſe = BH* +2 AO x BH, and*confequently 
BO* = BH* + 2A0xBHHAO'= 


BH + A OY (by 5. '2.); whence, affo; BO=BH | 


＋ AO, and therefore, by taking away 1925 AO, 


we have BI BH; whence, it is L L \t, hat | 


Ts Circle O touches, the Circle Bi in 


Pa ROB. LE 1 XLIV. 
7 0 deſerite a Circle which all * a Right-line 


CD, given in Poſition, and two other Circles A EA 
and B b, given in Magnitude and Poſition. 
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Cons TRUST 


1 rom the Radius BF, * the greater Cirele, take 
away F ne Can to the 0 ius AE of the lefſers 5 
e 


abd Yom ny nter B, v th the Interval BB, 


feribe 
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EVE. TA. d Fd REY 


to CD, at the Diſtance Gf FB ot AE: Fe by 


the laſt Problem, let the Center O of a Circle, 
paſſing thro A and touching PQ arid Bb uv, be 
1 and the ſame Point O Sill, likewiſe, be the 

Center of the required Circle Oamb. _ | 


"DEMONSTRATION. 
pa u, perpendicular to PQ, cutting C D in 


n; alſo let OA and OB be drawn interſecting the 
Circles A and B in à and v: Then, ſince (by Conftr.) 


AOS UO Sg O, and Aa (AE) (F) = Am, 
let theſe laſt be reſpectively taken from the former, 


15 and e neee N D. 
ProBLEM XLV. 4 


E 7 herbe a Circle, thro? a given Point A, which 


ſhall touch two other C treles B and C, _ in Pte 7 


and Rs 2 


_ poſe the.T king 8 and thro? the Center 
LY eee Circle, e IB and * 1 
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13 3 
3 
drawn, eng the Periphery here 
and Ty -moreover, from the Points M, N 
the Lines AB and AC (Joining the given Point . 
and Centers) interſect that Periphery, conceive s 
M and NG to be drawn, which will be perpen-⸗ 
dicular to AB and AC (Y 11. 3.). Furthermore 
mee B. * BM is = BI, BH (H 27.3.) 7 
A GFBHxBH=AG x BHBH?, we ſhall. ® 
have ABx BM BH = AG x« BH; which, if 
BE be taken a Third- Proportional to AB and WE 
or AB x BE be made = BH, will become AB Bo 
xEM{(ABxBM—BH?*)=A Gx BH; and there- 
fore AG: EM:: AB: BH. By the ſame —— 
ment, if C F be taken a Third. proportional to Ac 
and CK, it will appear chat AG: FNC Ace 
Wherefore, ſeein ng pack AE and A F are pen 
given, and that EM and FN have, each, Ji 
Ratio to A G, the Method: of Conſtruttion. is. 
nike It, from Prod. III. . © are 6 * m 
After che ſame. Manier a Circle max 
Kerbe tu ruck three given * the Probl: 
An either Cafe, are te. no moe than Ts 
fda Paint from whence, eral Araum to tree given : 
Points, ſhall have given Differences: Sifice 2 on 8 
ſo found will 1 be the Center of the required © 3 'F 4 8 
Circle, as well when one or more of the given Cir- 25 
cles touch that Circle 3 a3 WW — * # hy 5 
touch 1 it eee 5 


* - + 4 


S 


8 I 


< kb tbe ” , : "I. > 5 * 


% ly + 4 
e. * A *＋ 
* ©; 4 AS Iv 3 +4 is. al 


1 27988 — 6, #4 
2 1 LS. 3 


VA 92 Ii 77 

DieE 48, ne 8, for hel, read el, In he. tao 

d Dor, 12 f. 10. 1. 1. 1. 1% 10. 1. ; p. 28, 

83 1. i/o oſceles;_P. 20. 4 the Quotation c — 125 76 16, r. 
tation 7 Gn 6. 7 18. 1 P. 26. in "the Quotation c to 


2 5 f. 2 r. Cor/2:66't0; '1,;-and in the Quotation 6 
n r. 2 0 
1 2. to ** hc 


4 20, after 8 15 1.6 b 68. "Yew if, Ar I . 
v. 70. 4 a r. ur, 1 1 22h, before ADs r. and; 


e : 1. 27, f 0 terminating er 
CD, 2 ger. in 
1 "= "gl te LY $39" * 


5 P. 81, J. 6, e e 
Hariuper 2111 50 1 rf. 25 90 ar nls div -Ditvot oh; 
2 0 1 NI 10010 10 A0 . r Howe loi 


Y 7 
* ts 190 fail 88 £C vis oo <3 BOW V | . 12 {124403 2515 


# * 
* LY ” 

a9 . 

+58 — * 

4 # 2 

X * 8 be. a 6; } £ 5 , 12 4 

N „ : | 3 4 

F &-F 7 * s 9 8 * : > - 

las — > nnn 1 „ 
; _ k y * 

*- 1 f Lo fs 7 


* IP 
« * 
bt 0 
* 
> 1 1. 
3 a . 
4 * 3 
. . * 
F x 
e 2 3 
* +. 
i 2 x 5 — 5 : 1 


1110 31 dong? ; 


FI 


